ISSN 2393-8021

International Advanced Research Journal in Science, Engineering and Technology
Vol. 1, Issue 2, October 2014

Review of “Some operators on Hilbert Space and
their Spectrum”

Monish Arora

Assistant Prof., Department of Mathematics, D.A.V. College, Jalandhar
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INTRODUCTION

A Hilbert space is a vector space H together with an inner

product <x, y> defined on it such that the norm IIxll=

A< X, X > defined on H makes it a complete metric space.

So a Hilbert space (H, < >) is a complete inner product
space.

An operator on a Hilbert space H is a continuous
or bounded linear transformation T:H-> H. The set of all
operators on H is denoted by B (H).

Spectrum of an operator T:H-> H is the set of all
eigen values of T and is denoted by o (T) ={A:T — Al
is singular}

MATHEMATICAL DISCUSSION

Some types of operators are adjoint operator, self-
adjoint, operator positive operator, Normal operator,
Unitary operator.

ADJOINT OPERATOR

Let T be an operator on a Hilbert space H then
there exists a unique operator denoted by T*: H-> H such
that

<Tx, y>=<x, T*y> V x,ye H.
The operator T* is called the adjoint of T.
These are some important properties of operators

1) (Ti+T)*=T*+ T2

@ (aTy=dl’

€)) (TiTo)" =TTy

(4) T°=T

(5) HTH = 1T

(6) <Tx,x>=0V xeH <T=0

SELF-ADJOINT OPERATOR

An operator T on a Hilbert space H is said to be self-

Theorem. An operator T on a Hilbert space H is self-adjoint
iff <Tx, x> is real Y ,xeH

Let T be self-adjoint operator on H.

STE=T

Now  <Tx, x>=<x, T'x>

=<x, Tx>

<Tx, x>=<TX,X >
= <Tx,x>isreal V xeH

conversely, suppose < Tx, x> € RV xeH
Where R is the set of real numbers

ST, x> =<TX, X >

=<x,T'X >
=<T*x,x> VxeH
=<Tx-TX,x>=0 VxeH
<(T-T*)x,x>=0 V xeH
=TT =0
= T=T"
T is self-adjoint

Def If T; and T- are self-adjoint operator on a Hilbert
space H

Define arelation <on B(H) as T1 < T, < <Tix, X> <
<Tx,x> V xeH

POSITIVE OPERATOR

A self-adjoint operator T on a Hilbert space is said to be
positive.

Lo " if T>0
adjointif T=T
i.e.<Tx,x> >0V ,xeH
So<Tx,y>=<x,Ty> VX, yeH
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NORMAL OPERATOR

An operator N on a Hilbert space H is said to be normal
operator if NN = N*N .

Theorem:- T is normal operator on H iff
HTxI=1TxIl ¥V xeH

T is normal
= TT =TT
= TT"-T'T=0
& <(TT -TT)x,x>=0 V xeH
& <(TT™%- x> -<T*Tx, x>=0
Rt <(TX, Tx>-<Tx, Tx>=0
& <(T'x, T'x>=<Tx, Tx>
= HT"x12 = HTxII?
= HT*XI = 1TxII

UNITARY OPERATOR

An operator U on a Hilbert Space H is said to be unitary if
Uu*=U*U=1.

Theorem If T is a self-adjoint operator on H, then every
eigen-value of T is real.

Let A be an eigen value of T.

Then 3 x#0 Such that Tx = A x
Now < Tx, x> =< A X, x>

= A <x,x>

= A xI1?
As T is self-adjoint
So<Tx,x>isreal V xeH
. Alsreal.

So all eigen values of a self-adjoint operator T are real.
So spectrum of T i.e. o (T) is a subset of real numbers.
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If T is unitary operator on a Hilbert space H then
T™*T =1
Now < Tx, Ty> =<T'Tx, y>

=<Ix, y>
= <X, ¥y>
= <Tx, Ty>=<x,y> V x,yeH
By taking y = x,
<TX, TX> = <x, x>
HTx12 = 1xI1?
= HTxII=lIxII

Let A be an eigen value of T
ie. L eo(T)

Then 3 x # 0 such that
Tx=AX
A H=1UTxII
= 1IxIl
=I1A1=1
Soif A € o (T)and T is a unitary operator then absolute
value of A is 1.

Theorem If T is a self-adjoint or unitary operator on H
then the eigen vectors of T, corresponding to distinct eigen
values of T are orthogonal.

Let T be a self-adjoint or unitary operator on a Hilbert
space H.

Let A; eoc(Mand A, eo(T)

o3 X1 Z0
and Xz # 0 such that
TX1 = ﬂ, 1 X1

and Tx, = A 2 X2

Now if T is self-adjoint then both A ; and A  are real.

Theorem If T is a positive operator then every eigen S0 A1<Xy, Xo> =< A1 X, Xo>
value of T is positive.
. . =<TXy, X2>

As T is a positive operator b

=<X1, T* %2>
L <Tx,x>> 0V xeH < Txos

=<X1, I' X2

As proved above <Tx, x> = A 1IxII? <Xt x>
=<X1, A2X2

So A >0 _

. .. . = /12 <X1 , X2>

Therefore each eigen value of a positive operator is

positive. = A o<x1 x>

so spectrum of a positive operator consists of positive real (A1- A7) <xux>=0

values ! S

Theorem, If T is a unitary operator on a Hilbert space H As Ar# A2

then every eigen value of T has absolute value 1. <X, X2>=0
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So eigen vectors corresponding to distinct eigen values are
orthogonal.

Further on assuming T as unitary operator.

We have T*T = |
U <X1, X2> =<X1, T*TX2>
= <TXq, Txo>
=< A 1X1, A 2 Xo>
=A 122 <Xi1, X2=>
(1- 11/1_2)<X1,X2>:0
Now A, 4, =11,0?
=1as Tis unitary
— 1
Sod, = —
ﬂ*z
2.12._2 = ﬁ
ﬂ’z
#1 as 11 * lz

S0 <X1,X2>=0

Again eigen vectors of a unitary operator T are orthogonal
corresponding to distinct eigen values of T.

Theorem If T is a normal operator on H then x is an eigen
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STAT-AT* A T+ A 12
As T is normal

=TT*- AT - AT+ A 12

SO (T-A 1) (T-A)*=(T-A1)*(T-11)

.. T- A lis a normal operator for any scalar A

|

Now (T-A 1) 1"

T -
T -

)

As T- A | is normal
SAT-ADXI =1 (T-21)% 1 ¥V xeH
S NT-ADx =1 (T-ADx 1l ¥ xeH

S NTA) =1 (TxAx I

So if x is an eigen vector of normal operator T with eigen
value A then x is an eigen vector of adjoint operator T" with

eigen value A .

Theorem If T is a normal operator on a Hilbert space H then
eigen vectors of T corresponding to distinct eigen values are
orthogonal to each other.

Let T be normal operator

vector of T with eigen value A iff x is an eigen vector of et 1;and A;belongsto o (T)and A% A,

T* with eigen value 2
As T is a normal operator
STT*=T*T
Also for any scalar A
(T-A1) =T - (A1)
=T Ar
=T"- Al
Now (T-A 1) (T-A1)" = (T-A1) (T"- A1)
=TT - AT-AT'+

Al
=TT - AT-
AT +1A1?
Also (T-A 1) (T-A 1) = (T4
) (T-A1)
T*T- A T*
AT-2 4
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So dx; #0and x2 #0
such that

Tx1 = ﬂ,lxl

and Tx2= A2X2

oA <Xg, Xo> = < A1 Xq, Xo>
= <TXy, X2>

= <Xi, T*X2>

= <Xi, /12X2>
:lz<X1, Xo>
(11- ﬂz)<X1,X2>:O
= <X, X2>=0

So eigen vectors of a normal operator T are orthogonal
corresponding to distinct eigen values.

CONCLUSION

After applying definitions and results, we come to
conclusion that operators on Hilbert space show very
interesting spectral values. Self-adjoint operators always
have advantage of real eigen values. Positive operators have
positive real eigen values. Unitary operators have eigen
values having absolute value unity. Further eigen vectors
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corresponding to distinct eigen values of self-adjoint,
unitary and normal operators are pairwise orthogonal.
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