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INTRODUCTION

Let L be a metabelian Lie algebra over a field of characteristic zero generated by three sandwich elements x,y and z.
We denote by C(L) and Aut(L), respectively, the center and the group of all automorphisms of L. An automorphism 0
of L is called a central automorphism if it induces the identity mapping on the algebra L/C(L). That is, if 0 is a central
automorphism then for every ueL we have 6(u)-ueC(L). The set of all central automorphisms of L forms a subgroup of
Aut(L). We shall denote the group of all central automorphisms of L by Autc(L). For free nilpotent Lie algebras, the
characterization of these automorphisms group was given by O.Oztekin and N. Ekici [8] and the form of central
automorphisms of free center-by- metabelian Lie algebras was given by Z. Esmerligil [7].

A non-zero element x of a Lie algebra L over F is called an extremal element if [[L,x],x]<Fx. Sandwich, that is,
elements xeL with [[L,x],x]=0 are extremal elements of a special kind. In [10], Zel'manov and Kostrikin proved that,
the universal Lie algebra generated by a finite number of sandwich elements is nilpotent and finite dimension.
Cohen,Steinbach, Ushirobira, and Wales [4] generalized this result and proved that a Lie algebra generated by a finite
number of extremal elements is finite dimensional. In [9], Roozemond showed that if Lie algebra generated by three
extremal elements over a field of characteristic distinct from 2 then the dimension of this Lie algebra is 8.

In this paper we use the commutator notation for the Lie multiplication. Suppose that L is generated by three sandwich
elements x,y and z. For each U €L the derivation @adu:L—L is nilpotent. Hence the linear mapping

e® =1+((adu)/(11)+((ad u )/(21))

is well defined and it is an inner automorphism of L. The set of all inner automorphisms L forms a subgroup of
Aut(L).We shall denote the group of all inner automorphisms of L by Inn(L).

In this study we give the form of central automorphisms of metabelian Lie algebras generated by three sandwich
elements and we show that, these central automorphisms are also inner automorphisms.

MAIN RESULTS
Theorem 1.Let L is metabelian Lie algebra generated by three sandwich elements x,y and z. Then
xy,z,[x.yl.[x.2.ly.z].[[z.X].y]. [z y].X]
span L.
Proof.It is obtained from [4,9,10].
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Theorem 2. Let L is metabelian Lie algebra generated by three sandwich elements x,y and z. Then the center of L is
C(L)=<[lz.Xx].yl.llz.y].x]>

Proof.

[[[zx].y1.X] = ~[Iy.x].[z.x]]-[x.[z.x].y]=[[[zx] .X].y]=0

[[lz.x].yl.y] = [[L.y].y]=0

[[[zx].y].2] = -[Iy.z].[z X]]-[z.[z.X].y]=[[[z.x].2].y]=-[[[x.z].2].y]=0
Since L is metabelian Lie algebra we have

[[[z,x1.y].[x,z11=[[[z.x].y]. [x. Y11= [[[z x].y].[y,z]]=[[[z.x].y].[[z.y]. x]]=0
therefore [[z,x],y]€C(L). Similarly,

[[[zy].x].y] = -[[x.y].[z Y]]-[y.[z.x].x]=[[[z.x].y].X]=0

[[[z.,y].x].x] = [[L.x].x]=0

[[[z,ylx].z] = -[[x,z].[z,y]]-[z.[z.y].y]=[[[z.y].z].y]=-[[[y.z] z].y]=0
Since L is metabelian Lie algebra we have

[[[z.y].x].[x.2]1=[[[z.y1.x].[x.y1I=[[[z.y].x].ly.Z]]=[[[z.y].X].[[z.y].x]]=0
therefore [[z,y],x]€C(L)

Theorem 3. Let L is metabelian Lie algebra generated by three sandwich elements x,y and z. Then Autc
(L)<61,62,63>Where 91,62,63 are

01 ¢ {x—=xt[x[y.z]], y—y, 27}
02 : {x=x, y=yHy.[x.2]], 2>z}
03 {x=x, y=y, z—zHz[xy]]}
Proof.0, is inner automorphisms of L determined by [y,z],

e = et [ [y 2+ (I [y, 2D, [y, 21)/2)+..

=x+[x[y.zl]

A0 = vy [y 211+ ([y.[y. 2] [y.212)+...

=y+ly.ly.zll

=y

e VAD= 7+[z,[y 2] +(([z [y. 2] [y, 21])/2)+...

=z+[z[y.2]]

=z

Similarly it is shown that 8, and 05 are inner automorphisms of L determined by [X,y] and [x,z], respectively.
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Now we prove that these automorphisms are central,
01(x)-x =[x[y.z[l€C(L)
01(y)-y =0€eC(L)
01(2)-z = 0eC(L)
so 04 is central automorphism of L. Similarly,
0,(x)-x =0eC(L)
02(y)-y =[y.[x.z]]€C(L)
0,(2)-z = 0eC(L)
0, is central automorphism of L. And
0(x)-x =0eC(L)
03(y)-y =0€C(L)

05(2)-z = [z,[x.ylleC(L)

03 is central automorphism of L. <6,,0,,05> is the subgroup of Aut(L), so we get

Autc (L)=<01,02,03>.

Corollary. Let L is generated by three sandwich elements x,y and z thenAutc (L)<Inn(L).

REFERENCES

[1] Yu. A. Bahturin, Identical relations in Lie algebras, Nauka, Moscow, 1985.

[2] N. Bourbaki, Groupes et algebres de Lie, Chapitres 4, 5 et 6, Elements de Mathematique,Hermann, 1968.

Vol. 5, Issue 6, June 2018

ISSN (Online) 2393-8021
ISSN (Print) 2394-1588

International Advanced Research Journal in Science, Engineering and Technology

[3] A. M. Cohen, G. Ivanyos, and D. A. Roozemond, Simple Lie algebras having extremal elements. Indagationes Mathematicae, 19(2), 177-188,

2008.

[4] A. M. Cohen, A. Steinbach, R. Ushirobira, and D. Wales. Lie algebras generated by extremal elements. J. Algebra, 236(1), 122-154, 2001.

[5] M. Curran and D. McCaughan, Central automorphisms of finite groups, Bull. Austral. Math. Soc. 34 (1986), 191-198.
[6] M. Curran and D. McCaughan, Central automorphisms that almost inner, Comm. Algebra 29 (5) (2001), 2081-2087.

[7] Z. Esmerligil, On central automorphisms of free center-by-metabelian Lie algebras, International Advanced Research Journal in Science,

Engineering and Technology, 3 (7) (2016).

[8] ©. Oztekin and N. Ekici, Central automorphisms of free nilpotent Lie algebras, Journal of Algebra and Its Applications,16 (11) November 2017
[9] D.A. Roozemond. Lie algebras generated by extremal elements. Master's thesis, Eindhoven University of Technology, August 2005.
[10] E. I. Zel'manov and A. |. Kostrikin, A theorem on sandwich algebras, Proceedings of the Steklov Institute of Mathematics, 1991, Issue 4.

Copyright to IARJSET DOI 10.17148/IARJSET.2018.564

25



