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Abstract: Parafree Lie algebras are algebras that are residually nilpotent and satisfy the property that their quotients by
the terms of the lower central series are isomorphic to the corresponding quotients of a free Lie algebra. There are many
nonfree parafree Lie algebras and they all have many properties in common with free Lie algebras. In this paper, our
main goal is to investigate the free product of parafree Lie algebras. In particular, we prove that a finite number of free
factors of a parafree Lie algebra are parafree.
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l. INTRODUCTION

Let L be a Lie algebra over a field k. The series
L=y, (L)2y,(L)2y3(L)>...0%, (L)>...
is called lower central series of L and defined
ril) =L,y (L) = [L, L], y3(L) =[L, y2(L)],....¥i (L)= [L, Yie—1 (L)],-.
If k is the smallest positive integer that satisfying vy,(L) ={0} then L is called nilpotent of class k. The quotient algebras

L L L
/Yz(L) , /y3(L) , /y4(L) ,...are called the lower central sequence of L.
Let F and L be two Lie algebras. For all k>1, if we have

L/ ~ F/
Vi (L) Vi (F)
then we call that ’L and F have the same lower central sequence”’.

Let L be a Lie algebra over a field k. For any 0#g€L if there exists a homomorphism vy, form L to a nilpotent Lie
algebra N such that yy(g)#0 then L is called residually nilpotent.
For more details about the Lie algebra theory, see [Erdmann and Wildon, 2006; Jacobson, 1979].

A Lie algebra L is called parafree if it is residually nilpotent and has the same lower central sequence as a free Lie
algebra. Let B < L, L = L(mod y,(L)) and = B(mod y,(L)) . If B freely generates L, then it is called that *’ B freely
generates L modulo y,(L)"’.

Parafree Lie algebras firstly have defined by Baur (1978).These special Lie algebras satisfy properties that are
analogous to those of parafree groups (Baumslag, 1967, 1969). Velioglu (2013) has proved that a subalgebra and the
quotient algebra of a parafree Lie algebra are again parafree. Moreover Ekici and Velioglu (2014) have studied on
unions of parafree Lie algebras and they have proved that the direct limit of a system of parafree Lie algebras is
parafree (2015). Velioglu (2019) has obtained some results about parafree metabelian Lie algebras. Later Ekici and
Velioglu (2019) have investigated the metabelian product of parafree Lie algebras. Despite all these studies, the theory
on parafree Lie algebras has still answered questions .We have taken this opportunity to obtain some results about
parafree Lie algebras.

The aim of this work is to investigate the free product of parafree Lie algebras. In particular, we prove that a finite
number of free factors of a parafree Lie algebra are parafree.

1. MAIN RESULTS

Definition 2.1. Let (G,).¢; be a family of Lie algebras over a field k with presentations (X, /R,) where forall « = 8
we have X, N Xz = @. Set X = U, X, R = Uy R, Then G = (X, R) is called the free product of family (G, )¢, and it
is denoted by G = [[,* G,.
There is a canonical epimorphism from the free product [, G, to the direct sum &,G, of the family (G,),¢;. This
epimorphism is defined by identity map of algebras (G, ), to theirself.
If I =1{1,2,...,n}, itissimply written

G=G Gy *..xG,
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The algebras G4, G, ...,G, are called the free factors of G. Note that for any a € I there exists a homomorphism
I,: G, — G, extending the identity map of X, to X (for more details see [Bahturin, 1987]).

Baur 1978 studied on free product of parafree Lie algebras and he proved that the free product of a finite number of
parafree Lie algebra is parafree by using homological methods.

Let R = Ry * R, be a parafree Lie algebra of two Lie algebras Ry, R,. Velioglu 2013 has proved that the free factors
R4, R, of parafree Lie algebra R are parafree. We want to generalise this result by proving it for a finite numbers free
factors of a parafree Lie algebra. We carry the formal arguments used in Velioglu 2013. To do that we need the
following propositions.

Proposition 2.1. Let A4, ..., A,, be afinite number of parafree Lie algebras. Then we have the following equation.

A A, _AD--- DA,
Vi an® 0y ay=" (0 - @, () 21)

i Al An
Proof. Consider a element (a; +7v,(A1)) + -+ (a, +v,(4,)) of the algebra /YZ(A1) DD /Yz(An)'

It is clear that
(a1 +7v,(A)) + -+ (a, +v,(4,))
AD - DA
=(a; + -+ a, +1,(A) + - +7,(4,)) € 1©- @ n/vz(Al)GB'“@Yz(An)' (2.2)

On the other hand, for any element (a; + - + a, +7v,(A;) + -+ v,(4,)) of the algebra

A1® @An
/YZ(A1)® - @y, (A, we have

(ag + -+ a, +7,(A) + - +7,(4,))
A A
= (a1 +’Y2(A1) + -+ a, +'Y2(An)) € 1/Y2(A1) @D n/’Yz(An)l (23)

Therefore by (2.2) and (2.3), we prove the equality (2.1).

Proposition 2.2. Let A4, ..., A, be a finite number of parafree Lie algebrasand R = A; = --- x A, be the free product

of algebras A4, ..., 4,,. Then
R — Al An
Iy, (®) /vz(Al)@ ® /vz(An)-

Proof. Let u € R and consider a homomorphism defined as
AD- @An/
Y2

o:R -

(A)B -+ By,(A,)
u+y,(R) > u+v,(A) + - +7,(A).

By the definition of ¢ , it is clear that Ker 6 = v, (R) and o is a surjective homomorphism. By isomorphism theorems

we have
R/ - A®D - BA,
Yz(R) - ’Yz(Al)@eYZ(An)

Therefore by the equality (2.1), we have
R ~ Al ATL/
fa® = a0 @@y ay

Lemma 2.1. Let R = A, = --- * A, be a parafree Lie algebra. Then the free factors A4, ---, A,, are parafree.

Proof. We want to prove that for i = 1,...,n the algebras A; are residually nilpotent and each one has the same lower
central sequence as a free Lie algebra. Since R is parafree then it is residually nilpotent. Therefore for i =1,...,n,
algebras A; are residually nilpotent [Velioglu, 2013].

Now by the Proposition 2.2, we have
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R ~ A An
/Yz(R) - 1/72(A1) ®... & /Yz(An)

For i =1,..,n, let sets X; be generating sets of Lie algebras A; such that X; are linearly independent modulo vy, (A;).

Therefore by Proposition 2.2, the set X; U --- U X,, is linearly independent modulo v, (R) and it freely generates parafree

Lie algebra R modulo v, (R). Also we know that for i =1,..,n the sets X; freely generate Lie algebras A; modulo

Y, (A).

On the other hand quotient algebra R/Y (R) is a free nilpotent Lie algebra that freely generated by the set X; U ---U
n

X,. Hence by Bahturin (1978), Theorem 9, for i = 1,...,n, the sets X; generate a free nilpotent Lie algebra modulo
v, (A;). Therefore each Lie algebra A; has the same lower central sequence as a free Lie algebra. Finally we have that
the free factors A; are parafree.
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