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Abstract: In this study 
, ( , , ,A,B)s c

mS     of an univalent function with negative coefficients which is defined by 

a new general linear operator 
,s c

mH  have been introduced. The sharp results for coefficient estimators, distortion and 

closure bounds, Hadamard product and Neighbourhood, and this paper  deals with the utilizing of many of the results 

for classical hypergeometric functions, where there can be generalized to m-hypergeometric functions . 

 Subclasses of univalent functions are presented, and it has involving operator  
, (c , b )s c

m i jH  which 

generalizes many well –known. Denote A  be the class function f and other results have been studied.   
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1 INTRODUCTION 
 

Many researchers such as Mohammed and Darus[8], Adweby and Darus[1] and others have used the m-hypergeometric 

function for studying certain families of mathematic viable functions in an open unit disk. The m-hypergeometric 

functions are generalized configuration of the classical hypergeometric functions. Then by assuming the limit 1m→ , 

It would return to a classical hypergeometric functions. The formal set of hypergeometric functions have been used and 

introduced by many famous researchers were started by Euler in (1748), Guass (1813) and Cauchy (1852) see[4]. Also, 

it was converted a simple notation 
1

1
lim

1

c

m

m
c

m→

−
=

−
 into a symmetric theory of hypergeometric function in same trend 

of theory of Gauss hypergeometric function. 

 Here this study deals with the utilizing of many of the results for classical hypergeometric function, where 

there can be generalized to m-hypergeometric functions. 

 In this work, a subclass of univalent function is introduced, and it has involving operator 
, (c , b )s c

m i jH  which 

generalizes many well-known. Denote A   be a class of functions f of the form   

              

2
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= +                                                                                                (1.1)  

Which are analytic and univalent in the open unit disc 𝑼 = {𝒛 ∈𝐂: | 𝒛 | < 𝟏}. A function f A  is said to be 

starlike of complex order if the following condition (see [2]) is satisfied. 
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.                      (1.2) 

For complex parameters 
1 2 1 2, ,...,c and , ,...,t rc c b b b   where 𝑏𝑗 ∈ 𝐂\{0, −1,−2, . . . }, (j 1,2,..., r,| m | 1)=  ,  

the m-hypergeometric  
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( )01 such that  t,r N ={0,1,2,3,...};z U .t r= +    The m-shifted factorial is involving by 
0(c,m) 1=  and  

2 1(c,m) (1 c)(1 cm)(1 cm )...(1 cm ), n N,n

n

−= − − − −   where c  be any complex number and in terms  of the 

Gamma  function 

( n)(1 m) (m,m) (1 m)(1 y)
(m ,m) such that (y) ,0 1.

( ) (m ,m)

n

m
n m y

m

m 



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 + − − −
=  =  


  

The study suggests that by utilizing ratio test, the series (1.3) converges absolutely in open unit discU , |m|<1  

                     1 2
2 1

0 1
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(| m | 1,z U)
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n n n
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=   . 

Is the m-hypergeometric function see [2], [3]. Recently Mohammed and Darus[8] defined the following :  

(c ,b ;m) :i jI f A A→  

         
1 1 1

2 1 1 1 1
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(c ,b ;m) (z) z .
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The Srivastava-Attiya operator , :s cT A A→  defined in [9] as: 

,

2
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(z) z ,
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c
T f a z

n c



=

+ 
= +  

+ 
                                                                                         (1.4) 

where 𝑧 ∈ 𝑈, 𝑐 ∈ ℂ\{0, −1,−2, . . . }, 𝑠 ∈ 𝐂 and f A . This linear operator ,s cT  can be written as  

( )( ), ,(z) (z) (z) (1 c) , , (z),s s

s c s cT f G f z s c c f −=  = + −     

by utilizing the Hadamard product (convolution). Here ( )
0

, ,
(n c)

n

s
n

z
z s c



=

=
+

  is well known Hurwitz-Lerch zeta 

function (see [9], [10]), It is also an important function of Analytic Number Theory such the De-Jonquiere function: 

,

0

(z) ( , ,1), (Re(s) 1 if | z | 1)
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i s s
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z
H z z s
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=

= =  = .  

We can define the linear operator 
, (c , b ) :s c

m i jH f A A→ as follow: 

 
, 1 1 1
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𝑧 ∈ 𝑈, 𝑐 ∈ ℂ\{0, −1,−2, . . . }, 𝑠 ∈ 𝐂, 𝑐𝑖 , 𝑏𝑗 ∈ 𝐂\{0, −1,−2, . . . }, | 𝑚 | < 1 and 1t r= + . It should be noted that the 

linear operator (1.5) introduced by A.R.S. Juma and M.Darus [4]. 

 

Definition 1.1. Let f be a function and f U  is said to be in the class 
, ( , , ,A,B)s c

mR     if the following 

condition holds: 
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where 
1 1

0 ,0 1, 1, 1 1
2 2

B A  


      −     and z U . 

Let T denote the subclass of A consist of function of the form  
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(z) z , 0n

n n
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f a z a


=

= −                                                                                                 (1.7) 

Now we define the class 
, ( , , ,A,B)s c

mS    by  

, ( , , ,A,B)s c

mS    =
, ( , , ,A,B) Ts c

mR    . 

The study we have the following class and confirm that by specializing the parameters , , ,A,B     

1. The class 
k,0 ( , , ,1, 1)mS   − − is the class studied by A.R.S.Juma and S.R. Kulkarni [3]. 

2. The class 
k,0 (0,1,1,1, 1)mS − − is precisely the class of starlike function inU . 

3. The class 
k,0 ( ,1,1,1, 1)mS − − is the class of starlike function of order (0 1)   . 

4. The class 
k,0 1

0, , ,1, 1
2

mS


− + 
− 

 
is the class studied by Lakshminar-Simhan [7]. 

5. The class ( )k,c , , ,1, 1mS   − − is the class studied by S.R.Kulkarni [6]. 

 

2 Coefficient estimates and other properties 
Theorem 2.1: Let f be defined by (1.7), then 

, ( , , ,A,B)s c

mf S     if and only if  
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By utilizing (1.5) 
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letting 1z −→ through real values. Then we get (2.1) the result is sharp for the function  
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Corollary 2.1. Let f  belonging to the class
, ( , , ,A,B)s c
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The above bounds are sharp. 

Proof: By theorem (2.1) we have  
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
− −

= − − −

+ 
 + − − − −  − − 

+ 


 

Then  

              

1

1

2 (c , m)...(c , m) 1
[(1 B ) (A B) (2 )]

(m, m)(b , m)...(b , m)

(A B) (1 )
s

t

r

n

n c

n c

a

  

 

= +
+ + − −

+

− −


 
 
 

 . 

Hence  

, 2 1

21

2
2 1

21

(c ,m)...(c ,m) 1
(c ,b ) | z | | z |

(m,m)(b ,m)...(b ,m) 2

(c ,m)...(c ,m) 1 (A B) (1 )
,

(m,m)(b ,m)...(b ,m) 2 (1 B ) (A B) (2 )

s

s c t
m i j n

nr

s

t
n

nr

c
H f(z) a

c

c r
r r a r

c

 

  



=



=

+ 
   +    + 

+ − − 
 +  + 

+ + + − − 





and 

, 2 1

21

2
2 1

21

(c ,m)...(c ,m) 1
(c ,b ) | z | | z |

(m,m)(b ,m)...(b ,m) 2

(c ,m)...(c ,m) 1 (A B) (1 )

(m,m)(b ,m)...(b ,m) 2 (1 B ) (A B) (2 )

s

s c t
m i j n

nr

s

t
n

nr

c
H f(z) a

c

c r
r r a r

c

 

  



=



=

+ 
   −    + 

+ − − 
 −  − 

+ + + − − 





 

thus (2.2) is true, further 

, 1

21

(c ,m)...(c ,m) 1 2 (A B) (1 )
(c ,b ) 1 2 1

(m,m)(b ,m)...(b ,m) 2 (1 B ) (A B) (2 )

s

s c t
m i j n

nr

c r
H f(z) r a

c

 

  



=

 + − −    +  +    + + + − −   
  

And also  

 
, 2 (A B) (1 )

(c ,b ) 1
(1 B ) (A B) (2 )

s c

m i j

r
H f(z)

 

  

− −   −  + + − −
 

 

The result is sharp for the function (z)f  defined by 

2(A B) (1 )
(z) z

(1 B ) (A B) (2 )
f z

 

  

− −
= +

+ + − −  

Theorem 2.3: 
1 2

1
0 1,0

2
  


      and 

1
1, 1 1

2
A   −     then 

 
, ,

2 1( , , ,A,B) ( , , ,A,B)s c s c

m mS S      . 

Proof: By utilizing assumption we get 
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1 1

1 1

2 1

2 1

(A B) (1 ) (A B) (1 )

(c , m)...(c , m) (c , m)...(c , m)1 1
[(n 1)(1 B ) (A B) ( )] [(n 1)(1 B ) (A B) ( )]

(m, m)(b , m)...(b , m) 2 (m, m)(b , m)...(b , m) 2
n n

s s

t t

r r

c c

c c

   

     

− − − −

+ +
− + − − − + − −

+ +


   − −   
   

 

Thus 
,

1( , , ,A,B)s c

mf S    implies that  

 

 

21

1

1

1 2

2 1 1

1 1 1

1

(A B) (1 ) (A B) (1 )

(A B) (1 )

(n 1)(1 B ) (A B) (n )(c , m) ...(c , m) 1

(m, m) (b , m) ...(b , m)

(n 1)(1 B ) (A B) (n )

s

t

r

n

n n n

n n n

c

n c

a
   

 

  

  



= − −

− − −

− − − −

− −

− + + − −+

+

− + + − −


 
 
 





 

 

Then 
,

1( , , ,A,B)s c

mf S    . 

 

Theorem 2.4: The set 
, ( , , ,A,B)s c

mf S     is the convex set. 

Proof: Let ,

2

(z) z , (i 1, 2)n

i n i

n

f a z


=

= + =  belongs to 
, ( , , ,A,B)s c

mS     and let 
1 1 2 2(z) (z) (z)g F F = +  

with 
1 2and  non-negative and 

1 2 1 + = and we write  

1 ,1 2 ,2
2

(z) z ( ) .n
n n

n

g a a z 


=

= − +  

It is suffices to show that 
,(z) ( , , ,A,B)s c

mg S    that mean  

1 1 1
1 ,1 2 ,2

2 1 1 1 1

(c ,m) ...(c ,m) 1
[(1 B )(n 1) (A B) ( )]( )

(m,m) (b ,m) ...(b ,m)

s

n t n
n n

n n n r n

c
n a a

n c
    


− −

= − − −

+ 
+ − + − − + 

+ 
  

              

1 1 1
1 ,1

2 1 1 1 1

1 1 1
2 ,

1 1 1 1

(c ,m) ...(c ,m) 1
[(1 B )(n 1) (A B) ( )]

(m,m) (b ,m) ...(b ,m)

(c ,m) ...(c ,m) 1
[(1 B )(n 1) (A B) ( )]

(m,m) (b ,m) ...(b ,m)

s

n t n
n

n n n r n

s

n t n
n

n n r n

c
n a

n c

c
n a

n c

   

   


− −

= − − −

− −

− − −

+ 
 = + − + − −   + 

+ 
+ + − + − − 

+ 



2

2

2 1 1 2(A B) (1 ) (A B) (1 ) ( )(A B) (1 )

(A B) (1 ).

n

         

 



=

  

 − − + − − = + − −

 − −

  

Thus 
,

1(z) ( , , ,A,B)s c

mg S    . 

Thus study shall further try to obtain the extreme point in the following theorem. 

 

Theorem 2.5. Let 
1(z) z and (z)nf f= defined by  

1

1

1 1

1 1 1

(A B) (1 )

(c , m) ...(c , m) 1
[(n 1)(1 B ) (A B) ( )]

(m, m) (b , m) ...(b , m)

(z) z .
s

t

r

n

n

n n

n n n

c
n

n c

f z
 

   − −

− − −

− −

+
− + + − −

+

= +
 
 
 

 

for all 
1 1

2,3,...;0 1,0 , 1, 1 1.
2 2

n B A  


=       −     

Then (z)f is in the class 
, ( , , ,A,B)s c

mS     if and only if it can be expressed in the form  

1

(z) n

n

n

f z


=

= where 
1

0 1n n

n

and 


=

 =  or 1

2

1 n

n

 


=

= + . 
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Proof: Let 
1

(z) n

n

n

f z


=

= where
1

0 1n n

n

and 


=

 = . 

1

1

1 1 1

1 1 1

(A B) (1 )

(c , m) ...(c , m) 1
[(n 1)(1 B ) (A B) ( )]

(m, m) (b , m) ...(b , m)

(z) z .
s

t

r

n

n

n n n

n n n

c
n

n c

f z
 

  




= − −

− − −

− −

+
− + + − −

+

= +
 
 
 

  

and we obtain  

( )

( )

1 1 1

1 1 1 1

1 1 1

1 1 1 1

1

(c , m) ...(c , m) 1
[(n 1)(1 B ) (A B) ( )]

(m, m) (b , m) ...(b , m) 2 (A B) (1 )

(c , m) ...(c , m) 1
[(n 1)(1 B ) (A B) ( )]

(m, m) (b , m) ...(b , m)

(A B) (1 )

s

n t n

n n r n

s

n t n

n n r n

n

n

c
n

c

c
n

n c

  
 

  
 



− −

− − −

− −

− − −



=

+
− + + − −

+ − −

+
− + + − −

+

− −










 
 
 
 



 

                                             1

1

1 1.n

n

 


=

= = −   

In view of theorem (2.1), this shows that
,(z) ( , , ,A,B)s c

mf S    . 

Conversely, 

 

            

1 1 1

1 1 1 1

(A B) (1 )

(c , m) ...(c , m) 1
[(n 1)(1 B ) (A B) ( )]

(m, m) (b , m) ...(b , m)

, 2.n s

n t n

n n r n

c
n

n c

a n
 

   − −

− − −

− −

+
− + + − −

+

 
 
 
 

 

If 

1 1 1

1 1 1 1

(c , m) ...(c , m) 1
[(n 1)(1 B ) (A B) ( )]

(m, m) (b , m) ...(b , m)

(A B) (1 )

s

n t n

n n r n
n

c
n

n c
  

 


− −

− − −

+
− + + − −

+

− −

 
 
 

=  

and 1

1

1 ,n

n

 


=

= −  then we get 

1 1

1

(z) (z) (z).n n

n

f f f 



=

= +  

 

3 Neighbourhood and Hadamard Product properties 
Definition: 3.1. Let 0, (z) Tf   on the (1.7) the ( , )k neighbourhood −  of a function (z)f defined 

by ,

2 2

( ) : (z) z | |n

n n n n

n n

N f g T g b z and n a b 
 

= =

 
=  = − −  
 

  .                                                             (3.1) 

For the identity function (z) ze = , we get  

,

2 2

( ) : (z) z | |n

n n n

n n

N e g T g b z and n b 
 

= =

 
=  = −  
 

  .                                                                           (3.2) 

 

Theorem 3.1.  Let

1

1

2(A B) (1 )

(c , m)...(c , m) 1
[(1 B ) (A B) (2 )]

(m, m)(b , m)...(b , m) 2

s

t

r

c

c

 

  


− −

+
+ + − −

+

=
 
 
 

.  

Then 
,

,( , , ,A, B) (e)s c

m nS N     . 
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Proof:  Let 
, ( , , ,A,B)s c

mf S    . Then we get                   

1

21

1 1 1

2 1 1 1 1

(c , m)...(c , m) 1
[(1 B ) (A B) (2 )]

(m, m)(b , m)...(b , m) 2

(c ,m) ...(c ,m) 1
[(n 1)(1 B ) (A B) (n )]

(m,m) (b ,m) ...(b ,m)

s

t
n

nr

s

n t n

n n n r n

c

c
a

c

n c

  

  



=


− −

= − − −

+
+ + − −

+

 
 
 

+ 
 − + + − −  

+ 





 

                                             (A B) (1 )  − − , 

therefore, 

               
2 1

1

(A B) (1 )

(c , m)...(c , m) 1
[(1 B ) (A B) (2 )]

(m, m)(b , m)...(b , m) 2

,n s
n t

r

c

c

a
 

  



=

− −

+
+ + − −

+


 
 
 

                                        (3.3) 

also we get | z | r  

                2 2

| (z) | 1 | z | 1 .n n

n n

f na r na
 

= =

  +  +   

In the view of (3.3) we get  

                

1

1

2(A B) (1 )

(c , m)...(c , m) 1
[(1 B ) (A B) (2 )]

(m, m)(b , m)...(b , m) 2

| (z) | 1
s

t

r

c

c

f r
 

  

− −

+
+ + − −

+

  +
 
 
 

. 

From the above inequality we have  

                

2 1

1

2(A B) (1 )

(c , m)...(c , m) 1
[(1 B ) (A B) (2 )]

(m, m)(b , m)...(b , m) 2

,n s
n t

r

c

c

na
 

  




=

− −

+
+ + − −

+

 =
 
 
 

   

thus , (e)nf N  . 

 

Definition 3.2. The function (z)f  defined by (1.7) is said to be a member of the class 
, ( , , ,A,B)s c

mS    .if there 

exist a function
, ( , , ,A,B)s c

mg S     such that  
(z)

1 1
(z)

f

g
−  − , ,0 1z U    . 

 

Theorem 3.2. Let 
, ( , , ,A,B)s c

mg S     and  1 ( , , ,A,B)
2

d


   = − . Then 

,

, 1(g) ( , , ,A,B)s c

n mN S    when  
1 1

0 1,0 , 1, 1 1 and 0 1.
2 2

B A   


      −      and  

 

 

1

1

1

1

(c ,m)...(c ,m) 1
(1 B ) (A B) (2 )

(m,m)(b ,m)...(b ,m) 2
( , , ,A,B) .

(c ,m)...(c ,m) 1
(1 B )(A B) (2 ) (A B) (2 )

(m,m)(b ,m)...(b ,m) 2

s

t

r

s

t

r

c

c
d

c

c

  

  

    

+ 
+ + − − 

+ 
=

+ 
+ − − − − − 

+ 

 

Proof: Let
 

, (g)nF N  . Then  by  (3.3) we get 
2

| b |n n

n

n a 


=

−   then 
2

| b | .
2

n n

n

a


=

−   

2 1

1

(A B) (1 )

(c , m)...(c , m) 1
[(1 B ) (A B) (2 )]

(m, m)(b , m)...(b , m) 2

,n s
n t

r

c

c

b
 

  



=

− −

+
+ + − −

+


 
 
 

  
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therefore, 

2

2

(z)
1

(z)
1

n n

n

n

n

a b
F

g
b



=



=

−

− 

−




 

 

 

1

1

1

1

(c ,m)...(c ,m) 1
(1 B ) (A B) (2 )

(m,m)(b ,m)...(b ,m) 2

2 (c ,m)...(c ,m) 1
(1 B ) (A B) (2 ) (A B) (2 )

(m,m)(b ,m)...(b ,m) 2

( , , ,A,B) 1 .
2

s

t

r

s

t

r

c

c

c

c

  


    


   

 + 
+ + − −  

+  
 + 

+ + − − − − −  
+  

= = −

 

Then by definition (3.2) we have
, ( , , ,A,B)s c

mf S    . 

 

Theorem 3.3. Let 
,(z) and g(z) ( , , ,A,B)s c

mf S    be of the form such that 

2 2

(z) z (z)n n

n n

n n

f a z and g z b z
 

= =

= − = −  when 0, 0.n na b  Then, the Hadamard product (z)h  defined by 

2

(z) z n

n n

n

h a b z


=

= − is in the subclass 
, ( , , ,A,B)s c

mS    when  

1

1 1 1

1

1

1 12 2 2 2

1 1 1

1

2

1 12

1

1

(c ,m) ...(c ,m) 1
[(n 1)(1 B ) (A B) (n )] (A B) (1 ) (n 1)(1 B ) [(A B) ] (1 )

(m,m) (b ,m) ...(b ,m)

(c ,m) ...(c ,m)
[(n 1)(1 B ) (A B) (n )]

(m,m) (b ,

n

n n n

n

n

s

n t

r

n t

c
n

n c
       



  

−

− − −

−

−

−

−

+ 
− + + − − − − − − + − − − 

+ 


− + + − −

1 1

2 2

1

.
1

[(A B) ] (1 )
m) ...(b ,m)

n n

s

r

c

n c
 

− −

+ 
− − − 

+ 

 

Proof: By theorem (2.1) we get  

 

1

1 1 1

1 1

1

1

2 1

(c ,m) ...(c ,m) 1
[(n 1)(1 B ) (A B) (n )]

(m,m) (b ,m) ...(b ,m)
1

(A B) (1 )

n

n n n

s

n t

r

n

n

c

n c
a

  

 

−

− − −

−



=

+ 
− + + − − 

+ 


− −
                          (3.5) 

 

And 

 

1

1 1 1

1 1

1

1

2 1

(c ,m) ...(c ,m) 1
[(n 1)(1 B ) (A B) (n )]

(m,m) (b ,m) ...(b ,m)
1

(A B) (1 )

n

n n n

s

n t

r

n

n

c

n c
b

  

 

−

− − −

−



=

+ 
− + + − − 

+ 


− −
                       (3.6) 

 

We get only to find the largest 
2 such that  

1

1 1 1

1 1

2

1

2 2

(c ,m) ...(c ,m) 1
[(n 1)(1 B ) (A B) (n )]

(m,m) (b ,m) ...(b ,m)
1.

(A B) (1 )

n

n n n

s

n t

r

n n

n

c

n c
a b

  

 

−

− − −

−



=

+ 
− + + − − 

+ 


− −
  

 

Now by Cauchy-Schwartz inequality we get, 
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1

1 1 1

1 1

2

1

2 2

(c ,m) ...(c ,m) 1
[(n 1)(1 B ) (A B) (n )]

(m,m) (b ,m) ...(b ,m)
1.

(A B) (1 )

n

n n n

s

n t

r

n n

n

c

n c
a b

  

 

−

− − −

−



=

+ 
− + + − − 

+ 


− −
  

 

We only to show that  

 

1

1 1 1

1

1 1 1

1 1

2

1

2

1 1

1

1

(c ,m) ...(c ,m) 1
[(n 1)(1 B ) (A B) (n )]

(m,m) (b ,m) ...(b ,m)

(A B) (1 )

(c ,m) ...(c ,m) 1
[(n 1)(1 B ) (A B) (n )]

(m,m) (b ,m) ...(b ,m)

(A

n

n n n

n

n n n

s

n t

r

n n

s

n t

r

c

n c
a b

c

n c

  

 

  

−

− − −

−

− − −

−

−

+ 
− + + − − 

+ 

− −

+ 
− + + − − 

+ 


1B) (1 )
n na b

 − −

 

equivalently  

1

1 1 1

1

1 1 1

1 1

1

12

1 1

2

1

(c ,m) ...(c ,m) 1
[(n 1)(1 B ) (A B) (n )]

(m,m) (b ,m) ...(b ,m)(A B) (1 )

(c ,m) ...(c ,m) (A B)1
[(n 1)(1 B ) (A B) (n )]

(m,m) (b ,m) ...(b ,m)

n

n n n

n

n n n

s

n t

r

s

n t

r

c

n c

c

n c

  
 


  

−

− − −

−

− − −

−

−

+ 
− + + − − 

+ − −


−+ 
− + + − − 

+ 

1(1 ) −

 

 

But from (3.7) we get  

1

1 1 1

1

1 1

1

1

(A B) (1 )

(c ,m) ...(c ,m) 1
[(n 1)(1 B ) (A B) (n )]

(m,m) (b ,m) ...(b ,m)
n

n n n

n n s

n t

r

a b
c

n c

 

  −

− − −

−

− −


+ 
− + + − − 

+ 

 

 

Consequently, we also  need to p rove that  

 

1

1 1 1

1 1

1 1 2

1

1

(A B) (1 ) (n 1)(1 B ) (A B) (n )

(c ,m) ...(c ,m) (n 1)(1 B ) (A B) (n )1
[(n 1)(1 B ) (A B) (n )]

(m,m) (b ,m) ...(b ,m)
n

n n n

s

n t

r

c

n c

    

  
  −

− − −

−

− − − + + − −


− + + − −+ 
− + + − − 

+ 

 

 

or equivalently, that

1

1 1 1

1

1

1 12 2 2 2

1 1 1

1

2

1 12

1

1

(c ,m) ...(c ,m) 1
[(n 1)(1 B ) (A B) (n )] (A B) (1 ) (n 1)(1 B ) [(A B) ] (1 )

(m,m) (b ,m) ...(b ,m)

(c ,m) ...(c ,m)
[(n 1)(1 B ) (A B) (n )]

(m,m) (b ,

n

n n n

n

n

s

n t

r

n t

c
n

n c
       



  

−

− − −

−

−

−

−

+ 
− + + − − − − − − + − − − 

+ 


− + + − −

1 1

2 2

1

.
1

[(A B) ] (1 )
m) ...(b ,m)

n n

s

r

c

n c
 

− −

+ 
− − − 

+ 

 

 

Theorem3.4. Let
,(z) and g(z) ( , , ,A,B)s c

mf S     be defined by (1.7) and 1q  − . Then the function (z)G

defined as 
1

0

1
(z) ( ), q 1,

z

q

q

q
G w f w

z

−+
=  −  also belongs to

, ( , , ,A,B)s c

mS    . 

Proof: By virtue of (z)G  it is follows form (1.7) that 

1

20

2

1
(z)

1
.

w

q n q

nq
n

n

n

n

q
G w a w dw

z

q
z a z

q n


+ −

=



=

+  
= − 

 

 +
= −  

+ 




 

But 
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1

1 1 1

1 1

1

2

(c ,m) ...(c ,m) 1
[(n 1)(1 B ) (A B) (n )]

(m,m) (b ,m) ...(b ,m) 1
1.

(A B) (1 )

n

n n n

s

n t

r

n

n

c

n c q
a

q n

  

 

−

− − −

−



=

+ 
− + + − − 

+   +
 

− − + 
  

Since 
1

1
q

q n

+


+
and by theorem (2.1), so the proof is complete. 

 

 

Theorem 3.5. Let 
,(z) ( , , ,A,B)s c

mF S    be defined by (1.7) and  

0

(w)
(z) (1 )z , ( 0, z U).

z
f

f dw
w

   = − +    

Then 
,(z) ( , , ,A,B)s c

mf is also in S    if 0 2.   

Proof: Let f be defined by (1.7) then  

2

0

2

(z) (1 ) z

.

n
z n

n

n

n

n

w a w

f dw
w

aa z
z

n

  



=



=

−

= − +

= −






 

By theorem (2.1) since 1
2

 
 

 
 we get, 

1

1 1 1

1

1 1 1

1 1

1

2

1 1

1

(c ,m) ...(c ,m) 1
[(n 1)(1 B ) (A B) (n )]

(m,m) (b ,m) ...(b ,m)

(A B) (1 )

(c ,m) ...(c ,m) 1
[(n 1)(1 B ) (A B)

(m,m) (b ,m) ...(b ,m)

n

n n n

n

n n n

s

n t

r

n

n

s

n t

r

c

n c
a

n

c

n c

  


 

 

−

− − −

−

− − −

−



=

−

+ 
− + + − − 

+   
 

− −  

+ 
− + + − 

+ 




(n )]

1.
(A B) (1 )

na
n




 

−
 

 
− −  

 

Then (z)f is in 
, ( , , ,A,B)s c

mS    . 
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