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Abstract: Communication is a critical issue in the design of a parallel and distributed system. The speed of
communication of an interconnection network is related to its diameter. The diameter is a measure of efficiency for
studying the effects of link failures of a network with maximum time-delay or signal degradation. In this article, we
determine the diameter of circulant graphs C,, ;..
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I. INTRODUCTION

An interconnection network connects the processors of a parallel and distributed system. The topological structure of a
network can be modelled by a connected graph whose vertices and edges represent the sites and communication links
of a network, respectively. Many graph theoretic techniques can be used to study the efficiency and reliability of
anetwork, as discussed in [1]-[6]. The diameter is a measure of efficiency for studying the effects of link failures of
networks with maximum time-delay or signal degradation. The circulant graphs has many applications in wireless
networks. In this article, we determine the diameter of circulant graphs C, ..

Definition 1.1 Let C,be a cycle of nvertices. A circulant graph, denoted by C,, ., is the graph with vertex set is same as
of V(C,) and two vertices u, vare adjacent C,, ,-if u~vin C,or they are of distance rin C,,.

Proposition 1.1 In an n length cycle C, following are true
(a) dc‘n(xi'xj) =min{|i — jl,n—|i —j|}
() diam(C,) = [gj

The following lemma can be proved easily from the definition of C, ...

Lemma 1.1 The circulant graph C, ,is regular andd, (x;, x;) = [MJ + min {m,r + 1 — m}where
de (x, x;
m= dcn(xi,xj) -7 [—C"(Tl J)J
Il. DIAMETER OF C,,,

In literature, there exists no theoretical results of diameter of C, .. In the theorem below we give a formula for diameter
of C,, -explicitly.

Theorem 1 Let diam(C,,,-) be the diameter of circulant graphC,, .. Then we have the following.

(a) For odd integer n

[Zn—r]—ulnglj, if m=0;

I%J+lr_2mj, if 0<msl%;

2
) v B[]

o 13r—1
lfl 2 J<m£r—1.

diam(C,,) = 1

lzn_rl +1+ l2m2— rJ,
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(b) For even integer n

erJ ln+1J’ Yym=0;
dlam(Cy) = lzn_rl + lir —am 1J, if 0<m< l J
l lzn—rl+r—m+1, Lfl]<m l3r+1J
n 2Zm—-r+1 o 13r+1
lZJ+1+lfJ, lfl 2 J<m£r—1.

where, m = EJ —r l%]

Proof: We have found maximum eccentricity of the circulant graph. From the symmetricity the maximum eccentricity
is attained by every vertex of C,,,.. So, without loss of generality, we find the eccentricity of x, i.e., we find a farthest
distanced vertex of x,. Let ube any vertex in C, . Then dc, . (xo,u) < dc, (xo,u) and it is true for every vertex uin

Cpr. Therefore, uergl(%i(’r)dcn'r(xo,u)Sugl/?él)dcn(xo,u) as V(C,,) =V(C,). Thus, we have diam(C,,) <

diam(C,) and hence diam(C,,) < EJ Also2 <r < EJ So, by division algorithm, we get m = EJ —r EJ and 0 <
m < r — 1. Let 5;be a sub-graph formed by r + 1 vertices x;_1y,, X(i—1)r+1, - Xir- AS IN Cy ,every rdistanced vertex
are adjacent, so S;is actually a cycle of r+1 vertices. As H =r FJ +m, 0<m <r—1.8So, the path Panfrom X, to
leTJ inCp,risS;US, V..U Slnl U B,,, where B,is a path from x |2 to xan Clearly, here the maximum distanced
vertex from x, will be in the sub-graph SIEJ U B,,. We take followingtwo cases according as nis odd or even.

Case 1: nis odd.

Sub-case (1a) :m = 0.In this case maximum distance from x, to Sl 2 is l J -1+ l—J and B, does not exist. So

diam(Cp,) = l J -1+ l

r+1J

Sub-case (1b) :0 < m < EJ Since r = 2m, the r -th distanced vertex from eis band it is in between of a and c. Now
dc,(c,e)=2m+1 and d¢,(b,e)=7. So dc,(b,c)=dc,(be)—dc(c,e)=r—2m—1 and d (ab)=
dc,(a,c) —dc,(b,c) = 2m + 1. Hence maximum distance from x, to vertices of path from ato bis given by

- l%J * [2m2+ 1J

Again, maximum distance from x, to vertices of bto cpath is given by

de, (xo, ) + l%l - lzn_rl + lr —22m

dc,(a,b) +2
2

an (xOJ a) + l

Hence

dan(G,) = 2] mar 22, |22

Thus, we have

21427, o me 5

diam(C,,) = n m - -
2 o ] <ms
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Sub-case (1c):EJ <m < (r —1). In this case r-th distanced vertex bfrom ewill be in between ofcand d. Also, r-th

distanced vertex ffrom bwill be in between ofaand c. Here
dcm(c, b) =d¢,(c,e) —dc,(b,e) =2m+1—r
de,,(f,¢) =dc,(f,b) —dc,(c,b) =2r —2m — 1
dcn,r(a,f) =dc (a,c) —dc, (f,c)=2m+1-1
an,r(b' d)=m; —dg,(c,h)=r—-m-—1.

So maximum distanced vertex from x, will lies in path f — cor in path ¢ —b. Now maximum distance from x, to

. . d R - . . .
vertices of path f — cis dc,,(xo,¢) + l%mz] = lzn—rj + lzr sz“J and maximum distance from x, to vertices of

path ¢ — bis d,  (xo,¢) + IWJ = l%] + lzmzz_rj'

Hence
diam(Cn,r) = l%] + max {lZT—22m+1J ' lZm_;Z_rJ}.

Thus

Symmetric Line

Symmetric Line

< < o "'-
K . P Qe
Bo
e e,
d s

Fig 2: The graph C,, withoddnand 0 < m < l%]
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an+l2r—2m+1J _flrl< <l3r—1J
. ———|» 17 ms= H
2r 4
an+1 lZm—rJ flr—l < 1
— i <m<r-—1.
2r

diam(Cm) =

Case-ll: nis even.

Sub-case (2a) :m=0.In this case maximum distance from x, to Sl 2| is l J -1+ l—Jand P, does not exist. So, in

this case diam(C,,,) = l J -1+ lTHJ

Sub-case (2b): 0 <m < IEJ As, r = mso the r-th distanced vertex from eisband it is inbetween aand c. Now
dc,(c,e) =2m and d (b,e) =71. S0 d¢, (b,c) =dc, (b,e)—dc, (c,e)=r—2m and dc (a,b) =d(a,c)—
dc, (b, c) = 2m. Hence maximum distance from x, to vertices of path from ato bis

N e |

Again, maximum distance from x, to vertices of btocpath is

dc, (X0, €) + IMJ l J = 2m+1J

diam(C,,) = lzn—rJ + max {m, lr_z;nﬂl}.

Hence

Thus

Symmetric Line

Fig 3: The graph C,,, withevennand 0 <m < EJ

er
n 2m+1 3r+1
ol T2 v [ <msrn

n 3r+1
diam(cn'r): —J+r—m+1, lflJ<m l J

Sub-case (2c): EJ <m < (r —1). In this case r-th distanced vertex bfrom ewill be in between ofcand d. Also r-

thdistanced vertex ffrom bwill be in between ofaand c.
Here
an,r(C’ b) =dc, (c,e) —dc,(b,e) =2m—r
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de, (f,€) = dg, (f, b) — dg, (¢, b) = 2r — 2m
an_r(aif) = an(a; C) - dcn(f, C) =2m-r

dg, (b, d) =m—dg,(c,b) = —m.

So maximum distanced vertex from x, will lie in path f — cor in path ¢ — b. Now maximum distancefrom x, to
vertices of path f — cis dcn’r(xo, c)+ l‘ic'l(gﬁj = lZ"—TJ +r —m+ 1 and maximum distance from x, to vertices of
path ¢ — bis

an,r(xO'C) + l%b)ﬂj = l%] + lT—Z;n+1J.

Hence,

diam(C,,) = lzn_rl + max {r -m+1, lzm_ZTHJ}.

Thus

)

| +r-me, i o <ms [0

diam(Coy) =1 2m—r+1] |3r+1
lZJ-'-l 5 J,lf[ 7 J<m£r—1.

On account of all cases describes in above we get the results.

Symmetric Line

a

Fig 4: The graph C, - with even n and g <m<r-1
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