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Abstract: In this paper, we introduce Reich type contractions in the class of double controlled metric spaces and establish 

fixed point theorem. Our results are generalization of some known results of literature. We also provide example to 

illustrate significance of the established result. 

 

Keywords – Fixed point, a double controlled type metric, controlled type metric, extended b - metric space. 

 

1. INTRODUCTION 

 

The notion of a b - metric spaces was studied by Bakhtin [ 1 ] , Czerwik [ 2 ] and many fixed point results were obtained 

for single and multivalued mappings by Czerwik and many other authors. ( see [ 3 ]-[  8 ] ) The generalizations of b - 

metric spaces Kamran et al. [ 9 ] and others ( see [ 10 ]-[ 13 ] ) was introduced extended b - metric spaces by controlling 

the triangle inequality rather than using control function in the contractive conditions. Proving extensions of Banach 

contraction principle from metric spaces to b - metric spaces and hence to controlled metric type spaces. Recent article 

[11 ] introduced double controlled metric type spaces and prove Banach Contraction Principle and Kannan [ 14 ] type 

contraction in double controlled metric type spaces which is generalized the results of [ 12 ] , [ 13 ]. 

In this paper we first define Reich type contractions [ 15 , 16 ] in the setting of double controlled metric type spaces and 

prove fixed point results. We also provide example to illustrate significance of the established result. 

 

Definition 1.1 [ 9 ]   Given a function θ : X × X → [1, ∞ ), where X is a nonempty set. The function p :  X × X → [0, ∞ 

) is called an extended b - metric if 

1. P ( x, y ) = 0 if and only if  x = y, 

2. P ( x, y ) = p ( y, x ), 

3. P ( x, y )  ≤  θ (x, y) [p ( x, z) + p ( z, y )], for all x, y, z ε X. 

Mlaiki et al. [ 11 ] generalized the notion of b - metric spaces. 

 

Definition 1.2  [ 11 ] Given a function α : X × X → [ 1, ∞ ), where X is a nonempty set. Let function q : X × X → [0, ∞ 

) . Suppose that  

1. q ( x, y ) =  0 if and only if  x = y, 

2. q ( x, y ) =  q ( y, x ), 

3. q ( x, y ) ≤ α (x, z) q ( x, z) + α (z, y) q ( z, y ), for all x, y, z ε X. 

Then q is called a controlled metric type and ( X, q ) is called a controlled metric type spaces. 

 

Now, we introduce a more general b - metric space. 

 

Definition 1.3 [ 12 ]  Given non-comparable functions α, β : X × X → [ 1, ∞ ).  The function d : X × X → [ 0, ∞ ) 

satisfies 

1. d ( x, y ) =  0 if and only if  x = y, 

2. d (x, y ) =  d ( y, x ), 

3. d ( x, y ) ≤ α (x, z) d ( x, z) + β (z, y)  d ( z, y )], for all x, y, z ε X. 

Then d is called a double controlled metric type by α and β. 

 

Remark 1.1 A controlled metric type is also a double controlled metric type when taking the same function. The 

converse is not true in general. 

Example 1.1  [ 12 ]  Let  X = { 0, 1, 2 }. Consider the double controlled type metric   

 d : X × X → [0, ∞) defined by 

d  (0, 0 ) = d ( 1, 1 ) = d ( 2, 2 ) = 0,  d (0, 1 ) = d (1, 0 ) = 1, d (0, 2 ) = d ( 2, 0 ) = ½, d (1, 2 ) = d (2, 1 ) = 2/5 

and  α, β : X × X → [ 1, ∞ ) defined by 

α ( 0, 0 ) = α ( 1, 1 ) = α ( 2, 2 ) = α  ( 0, 2 ) = α ( 2, 0 ) = 1, α ( 0, 1 ) =α ( 1, 0 ) = 11/10,  

α ( 1, 2 ) = α ( 2, 1 ) = 8/5. 

https://iarjset.com/


IARJSET 

 

 

 ISSN (Online) 2393-8021 
ISSN (Print) 2394-1588 

   

International Advanced Research Journal in Science, Engineering and Technology 
 

Vol. 8, Issue 6, June 2021 
 

DOI:  10.17148/IARJSET.2021.86112 

 

Copyright to IARJSET                                                                IARJSET                                                                                                 653 

 

This work is licensed under a Creative Commons Attribution 4.0 International License 

β ( 0, 0 ) = β ( 1, 1 ) = β ( 2, 2 ) = 1, β ( 0, 1 ) = β ( 1, 0 ) = 11/10, β ( 0, 2 ) = β ( 2, 0 ) = 3/2,  

β ( 1, 2 ) = β ( 2, 1 ) = 5/4 

Note that, 

d ( 0, 1 )  >  α (0 ,2) d ( 0, 2) + α (2 ,1)  d ( 2, 1 ).  

Thus d is not a controlled metric type for the function α. 

 Definition 1.4 [ 12 ]  Let ( X, d ) be a double controlled metric type spaces by one or two functions 

1. The sequence { xn } is convergent to some x ε X, if for each positive ε, there is some integer N such that d (xn , x ) < 

ε for each  n ≥ N. It is also written as limn→∞   xn = x. 

2. The sequence { xn } is said Cauchy if for every ε > 0, d (xn, xm ) < ε for all m, n ≥ N , where N is some integer . 

3.  ( X, d ) is said complete if every Cauchy sequence is convergent.   

Definition 1.5 [ 12 ]  ]  Let ( X, d ) be a double controlled metric type spaces by either one function or two functions 

for x ε X and k > 0 . 

1.  We define B (x, k ) as  

                       B (x, k ) = { y ε X , d (x, y ) < k . } 

2. The self map T on X is said to be continuous at x in X if for all δ > 0 , there exists k > 0 such that  

                       T ( B (x, k ) ) C B ( Tx, δ ). 

Note that if T is continuous at x in ( X , d ), then xn → x implies that Txn → Tx ,  

when n →∞ . 

  

2. METHODOLOGY 

 

Result  on Reich type contractions. 

Theorem 2.1   Let ( X, d ) be a double controlled metric type spaces. Let T : X →X be function, so that there a, b, c ε 

(0 ,1 ) with     k = a + b /1- c  < 1, 

 d (Tx, Ty )  ≤  a d (x, y ) + b d (x,, Tx ) +  c d (y, Ty )      ……                                              1 

 for all x, y ε X. For x0 ε X, take xn = Tnx0 . 

Assume that, 

         Supm  ≥  1  β (xi+1, xm )   α (xi+1, xi+2 )  /  α (xi, xi+1 ) < 1/ k. ……                                      2 

Suppose that   limn→∞ α ( xn, x ) and   limn→∞ β (x,  xn ) exist are finite and                                c limn→∞ α ( xn, x ) < 1 

for every x ε X, then X passes a unique fixed point. 

Proof – The considered sequence { xn } verifies  xn+1 =  Txn for all     n ε N. Obviously, if there exists  n0 ε N for which  

xn0+1 = xn0 , then Txn0 = xn0  and the proof is finished. Thus, we suppose that  

Xn+1 ≠ xn for every n ε N. Thus, by ( 1 ), we have  

            d (xn, xn+1 ) = d ( Txn-1, Txn ) 

                                 ≤ a d (xn-1, xn) + b d (xn-1, Txn-1 ) + c d ( xn, Txn ) 

                                 = a d (xn-1, xn) + b d (xn-1, xn ) + c d ( xn, xn+1 ) 

    ( 1 – c ) d (xn, xn+1)  ≤ ( a + b) d (xn-1, xn ) 

                  d (xn, xn+1)  ≤  a + b / 1 – c  d (xn-1, xn ) 

                  d (xn, xn+1)  ≤  k d (xn-1, xn ).          ………………                                              3 

Thus, we have  

                  d (xn, xn+1)  ≤  k d (xn-1, xn)     

                                      ≤  k2 d (xn-2, xn- 1 ) 

                                      ≤ … 

                                      ≤  kn d (x0, x1).             …………………                                          4 

For all n, m ε N (n < m ), we have  

d ( xn, xm )   ≤ α (xn, xn+1)  d (xn, xn+1) +  β (xn+1, xm) d (xn+1, xm )  

≤ α (xn, xn+1)  d (xn, xn+1) +  β (xn+1, xm) α (xn+1, xn+2)                                                                                                                

d (xn+1, xn+2 )+ β (xn+1, xm) β (xn+2, xm) d (xn+2, xm) 

≤ α (xn, xn+1)  d (xn, xn+1) +  β (xn+1, xm) α (xn+1, xn+2) 

d (xn+1, xn+2 ) + β (xn+1, xm) β (xn+2, xm) α (xn+2, xn+3)   d (xn+2, xn+3) 

+  β (xn+1, xm) β (xn+2, xm)  β (xn+3, xm) d (xn+3, xm) 

                         ≤ … 

≤  α (xn, xn+1)  d (xn, xn+1) +∑ (∏ 𝛽(𝑥𝑗 , 𝑥𝑚))𝑖
𝑗=𝑛+1

𝑚−2
𝑖=𝑛+1 α(𝑥𝑖 , 𝑥𝑖+1)d(𝑥𝑖 , 𝑥𝑖+1) + ∏ 𝛽(𝑥𝑘 , 𝑥𝑚  )𝑑( 𝑥𝑚−1, 𝑥𝑚)𝑚−1

𝑘=𝑛+1
 

≤  α (xn, xn+1) kn d (x0, x1) +∑ (∏ 𝛽(𝑥𝑗 , 𝑥𝑚))𝑖
𝑗=𝑛+1

𝑚−2
𝑖=𝑛+1 α(𝑥𝑖 , 𝑥𝑖+1) 𝑘𝑖  d (x0, x1) + ∏ 𝛽(𝑥𝑘 , 𝑥𝑚)𝑘𝑚−1𝑑( 𝑥0, 𝑥1)𝑚−1

𝑘=𝑛+1   

………..                                                                       5 

≤  α (xn, xn+1) kn d (x0, x1) +∑ (∏ 𝛽(𝑥𝑗 , 𝑥𝑚))𝑖
𝑗=0

𝑚−1
𝑖=𝑛+1 α(𝑥𝑖 , 𝑥𝑖+1)  ki d (x0, x1) …..              6                                                                                                            

      Let   Sl =  ∑ (∏ 𝛽(𝑥𝑗 , 𝑥𝑚))𝑖
𝑗=0

𝑙
𝑖=0 α(𝑥𝑖 , 𝑥𝑖+1) 𝑘𝑖   d (x0, x1)  …….                                          7 
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Consider 

Vi = ∏ 𝛽(𝑥𝑗 , 𝑥𝑚 )𝛼(𝑥𝑖 , 𝑥𝑖+1)𝑖
𝑗=0  ki d (x0, x1)   …………                                                              8 

We have  

Vi+1 /  Vi  =  β (xi+1, xm)  α (xi+1, xi+2) k  / α (xi, xi+1) ……..                                                       9 

In view of condition (2) and the ratio test, we ensure that the series ∑ vi   converges. Thus, limn→∞ Sn exists. Hence, the 

real sequence { Sn} is Cauchy. 

Now, using (5), we get  

d (xn, xm)  ≤  d (x0, x1) [ kn α (xn, xn+1)  + ( Sm-1- Sn) ]. …………..                                          10 

Above, we used α(x, y )  ≥ 1. Letting n, m →∞ in (10) we obtain 

                                             Lim n, m →∞ d ( xn, xm ) = 0.  ………………                                  11 

Thus, the sequence { xn} is Cauchy in the complete double controlled metric space ( X, d ). So, there is some x*ε X, so 

that 

                                          limn,m →∞ d (xn, x* ) = 0. …………                                               12 

that is , xn→ x* as  n→∞. Now, we will prove that   x* is a fixed point of T. By (1) we get,  

d (x*,T x* )   ≤ α (x*, xn+1)  d (x*, xn+1) +  β (xn+1,T x*) d (xn+1, x*) 

                        = α (x*, xn+1)  d (x*, xn+1) +  β (xn+1,T x*) d ( Txn, x* ) 

 ≤ α (x*, xn+1)  d (x*, xn+1) +  β (xn+1,T x*)[a d (xn, x*) +                                                   b d (xn,, Txn ) +  c d (x*, Tx* ) ]       

= α (x*, xn+1)  d (x*, xn+1) +  β (xn+1,T x*)[a d (xn, x*) +                                                              b d (xn, xn+1 ) +  c d (x*, 

Tx* ) ] . 

Taking the limit as n→∞ and using (3), and the fact that  limn→∞ α ( xn, x ) and               limn→∞ β (x,  xn, ) exist are 

finite , we obtain that d ( x*,T x* )   ≤   [ c limn→∞ β ( xn+1, Tx* )]          d ( x*,T x* ) ].   ……..                                                                                                               

13 

Suppose that x* ≠T x*, having in mind that  c limn→∞ β ( xn+1, Tx* ) < 1. So,  0 <  d (x*,T x* )   ≤   [ c limn→∞ β ( xn+1, Tx* 

)] d (x*,T x* ) < d (x*,T x* ). 

It is contradiction. This yields that   x*  =  T x*. 

Let x**in X bee such that  T x** =  x**  and  x*≠  x**. We have, 

0 < d (x*, x**) =  d (Tx*, Tx**) 

                       ≤  a d (x*, x**) + b d (x*,T x*)   +  c d ((x**,T x**) 

                        ≤  a d (x*, x**). 

It is a contradiction, so    x* =  x** . Hence x* is the unique fixed point of  T. 

 

3. RESULT AND DISCUSSION 

Remark 3.1   The assumption (1) in Theorem 2.1 above can be replace by assumption that the mapping T and the double 

controlled  metric d are continuous. Indeed, when xn→ x*,   Txn→T x*and hence we have  

 limn→∞ d ( Txn, Tx* ) =  limn→∞ d ( Txn+1, Tx*)  =  d (x*,T x* ) and hence Tx*  =   x*. 

 

Theorem 2.1 is illustrated by the following example. 

Example 3.1  We endow  X = {0, 1, 2 } by the following double controlled metric type space 

 d : X × X → [0, ∞) defined by 

d (0, 0 ) = d ( 1, 1 ) = d ( 2, 2 ) = 0,  d (0, 1 ) = d (1, 0 ) = 1, d (0, 2 ) = d ( 2, 0 ) = 2/5,        

d (1, 2 ) = d (2, 1 ) = 6/5 

and α, β : X × X → [ 1, ∞) defined by 

α (0, 0 ) = α (1, 1 ) = α (2, 2 ) =1 , α (0, 2 ) = α (2, 0 ) = 151/100,  α (0, 1 ) =  α (1, 0 ) = 6/5,   α (1, 2) = α (2, 1 ) = 8/5. 

β (0, 0 ) = β (1, 1 ) = β (2, 2 ) = 1, β (0, 1 ) = β (1, 0 ) = 6/5,  β (0, 2 ) = β (2, 0 ) = 8/5,            β (1, 2 ) = β (2, 1 ) = 

33/20. 

Then d is double controlled metric type space but d is not a controlled metric type space for the function α.  

Indeed, 

d( 0, 1 ) = 1 > 247/250 =  α(0 ,2) d( 0, 2) + α(2 ,1)  d( 2, 1 ).  

Choose function  T : X→ X such that 

       T0  =  2  and  T1 = T2 = 1 , set  

       a = 1/6,  b  =  1/3 and c = 1/4. 

It is clear that condition (1) is satisfied . In addition (2) holds for each x0 in X. All hypothesis of theorem (2.1) are 

fulfilled . Here x* = 1 is the unique fixed point. 

 

Remark 3.1  

  1. In case b = c = 0, we get a result due to Theorem 1 of [ 12 ]. 

  2. In case a = 0, b = c, we get a result due to Theorem 3 of [ 12 ]. 

  3. In case α (x, y ) = β (x, y), we get a result due to Theorem 8 of [ 13]. 
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