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Abstract: Volterra Integral equations of First kind arises in many problems of Engineering, Physics, Chemistry, Biology. In this
paper we use Soham transform to obtain the solution of linear Volterra integral equation of first kind. Convolution theorem is
proved. Some problems are solved using Soham transform, which shows effectiveness of Soham transform for solving linear
Volterra integral equation of first kind.
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I.  INTRODUCTION

Linear Volterra integral equation of first kind is of the form [1]

)=, K& Du®dt ... 1)

Here, u is unknown function, K(xt) is kernel and f(x) is real valued function.
A linear Volterra integral equation is a convolution equation if it is of the form

f(x) =) K(t —s)u(s)ds ........Q2)

These equations were introduced by Volterra. Further these equations were studied by Traian Lalescu, in his 1908 thesis.
In 1911, Lalescu wrote [2] the first book on integral equations.volterra integral equations has many applications in wide
range of fields. Some of them are demography, study of viscoelastic material, acturial science through the renewal
equations. Soham transform is introduced by D. P. Patil and S. S.Khalcale [3] in October2021. It is defined by the
integral equation.

S[f(t)]:P(V):% ) 000 e V"t f(t)dt , where a is non zero real number.

Now a days many researchers are introducing various types of integral transformers. Receltly in September
2021 Kushare and Patil [4] introduces Kushare transform, for facilitating the process of solving ordinary and partial
differential equations inthe time domain. Researchers are alos using the transform for solving various problems.
Sudhanshu Agrawal etal [5] used Kamal transform for solving linear volterra integral eqautions of first kind. Recently
in January2022 R. S. Sanap and D. P. Patil [6] applied Kusahre transform for Newton’s law of cooling. In October2021,
Sawi transform is used in Bessel functions by Patil [7]. Further Sawi transform of error function is used to evaluate
improper integral by D. P. Patil [8]. Patil [9] used Laplace and Shehu transform in chemical science. Sawi transform and
concolution therorm is used for solving wave equation by Patil[10]. D. P. Patil[11] used Magoub transform for obtaining
the solution of parabolic boundryvalue problems. Patil [12] also used double Laplace and double Sumudu transform for
getting solution of wave equation.

Dualities between various double integral transforms are obtained by D. P Patil[13]. Laplace , Elzaki and
Mohgoub transforms are used for solving system of first order and firstdegree differential equations by Kushare and Patil
[14]. Dr. Patil [15] also used Aboodh andMohgoub transform in boundry value problems of system of ordinary
differential equations. Recently in April2022, Nikam, Shirshath, Ahre and Patil [16] used Kusahre transform to solve
the problems on growth and decay. Patil [17] compared Laplace Sumudu, Aboodh, Elzaki and Mohgoub transform for
obtaining solution of boundry value problems. Further Dr.Patil [18] used double Mohgoub transform to solve
parabolic boundry value problems. Dr.Patil [19] also used German Astronomar Friedrich Wilhelm Bessel derived Bessel
function in 1817 this function are also called as cylinder function.Bessel function is solution of the differential equation.

2
x? dd—xy + x% + (x?2 —n?)y = 0 .itis called as Bessel equation.

© IARJSET This work is licensed under a Creative Commons Attribution 4.0 International License 668


https://iarjset.com/

IA R\] SET ISSN (0) 2393-8021, ISSN (P) 2394-1588

F@g International Advanced Research Journal in Science, Engineering and Technology
s Impact Factor 7.105 3£ Vol. 9, Issue 4, April 2022
DOI: 10.17148/IARJSET.2022.94108

In this paper we use Soham transform to solve the linear volterra integral equationsof first kind. Paper is
organized as follows. Section 2 is devoted for preliminary.Convolution theorem for Soham tarnsform is used in section
3. Section 4 is used for obtaining Soham transform of Bessel function. Some application in volterra integral
equationss of first kind are in section sector 5 is reserved for conclusion.

1. PRELIMINARY

Soham transform for the function f(t) of exponential order in the setB defined by:
B={f(t):AM,k1.k2>0.|f(t)|<Me, if t e(-1)] x {0,00}
For a given function in the set B,the constant M must be finiteNumber, ,ki,k> may be finite or infinite.
Soham transform denoted by the operation &(.)defined by the integral equations

3[f(H)] = P(V):% fooof (t) e " “dt | o is non zero real number t >0,k1<vkz(2)

o Inverse soham transform: Inverse soham transform of f(t) is P(v) theninverse soham transform is
SHPW)]=F(t)
° Soham transformation of the elementary function:
SN F(t) S{F()} =P(v)
1) 1 1
va+1
2) t 1
v2a+1
3) 2 2!
t v2a+a+1
4) t", neN rn+1)
van+a+1
5) eat 1
v(v® —a)
6) e—at 1
v(v® + a)
7) sinat a
v(v2® + a?)
8) cosat ve
v(v2® + a?)

1. CONVOLUTION THEOREM:

The convolution of two function f(t)&g(t) is.
(f*g)(t)=f0t(t —1)g(r)dr

Applying Soham transform.

S(f*g)(t) = S[f, f(t — Dg(v)dr]

_ o _a t
=3[, eVt f(t =g (@)dr)dt
......... (Change order of integration)
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=Ly e F@g(t — Tdrdt
=1 f et f (g (¢ - Ddtdr
Putt—t=b
S(Eg)t) =2 f," F(@) [ e TP g(b)dbdr
=V [ f@e ™ T drl [7 e g(b)db)
S(Fg)(t) = V{F(V)G(V)}

The convolution theorem for Soham transformations:

S(fg)(®) =v{F(VGV)}

V. Soham Transform Of Bessel’s Function:

The Bessel’s function of order n is defined as Jn(t):

[oe]

— (_1)T E n+2r
In@® = 27”! n+r+1(2)

r=0
Soham transform of Bessel’s function of zero order Jo(t):
For n=0 we have,

]o(t)=zoo S =y Sl

t* 6

e ERaer e
Thus,
1 1
L[Jo(t)S] = L[l,S] 'Z—ZL[tz; S] + 7xaZ L[t4; S] .
1 2! 1 41
Jo(t) = patl 22[v2a+a+1] T 22y [v4a+u+1] 22><42><62 [v6u+a+1]+
_ 1 1,1 1 ,4X3x2x1 6X5X4X3X2
_,,a+1[ _E(vz_a) T 224 4z\v4a+a+1) 22><42><62( poat2+i )
_ 1 1 1x3 2 1X3X5 34
pari 1~ z(vT“) T o2xa (1;2‘1) 2x4%6 (vz"‘)
1
_ 1 1\72
Tpati (1 + vz_“)
_ 1
VX ( [14=37)
_ 1
- Za
pa+lx( (vv2;1>
-— !t
Ua“,,ia( [v2at1)
_ 1
_va+1v—a( /v2a+1)
1
_v\/v2“+1
Jo(t) =——
o®) = v 2041

V. APPLICATIONS:
a) Application
Consider Linear volterra Integral Equation of first kind whose Kernel containing exponential function.

© IARJSET This work is licensed under a Creative Commons Attribution 4.0 International License 670


https://iarjset.com/

IA R\] SET ISSN (0) 2393-8021, ISSN (P) 2394-1588

F@g International Advanced Research Journal in Science, Engineering and Technology
s Impact Factor 7.105 3£ Vol. 9, Issue 4, April 2022

DOI: 10.17148/IARJSET.2022.94108
x=fre* Pu®dt 1)

Applying the S ha{n transformation on both side of (1)we have,
s{xy=s{f, ¢ “u®dy ... @)

Using convolution theorem of Soham transform on(2)We have,
S{X} = VS(e’)S{U(X)}
v2a+1 = v———=S{u(x)}

17(17“ 1)

S{u()} = vza—ﬂ
@ 1

pa+l  p2a+l
1

S{u(x)} = Va% e S 3)
Operating inverse Soham transform on both sides of (3),

- 1
u(x) = {2} - s {2}
UX)Z1-X e, 4)
which is required exact solution of (1).

b) Application
Consider I|r(1ear)volterra integral equation of first kind whose kernelcontains exponential function.
sinx = Jo €™ Du®de (1)

Applying the Soham transform to both sides of (1),
We have,
Sgsinxg = s{fy e* Pu®de} ... )

Using convolution theorem of Soham transform on (2)

We have,
S{sinx} = v S(e9)S{u(x)}
1 1
v(v?® +1) - vv(v“ -1 S{ut)}
S{U(X)} = v(v2“+1)

= L
S{U(X)} v(v2a+1) v(v2a+1)

Applying operating inverse Soham transform on both side of (3)

We have,
pa -1 1
S{u(x)}=S"- { SR } S { v(v2‘1+1)}
U(X) = COSX —SINX  eevneveiiiennnen 4)

Which is the required exact solution of (1)

c) Application
Consider linear volterra integral equation of first kind whose kernel linear in the argument x and t.

X = [ = QU 1)

Applying the soham transform to both sides of (1),We have,
SO} = 2 S{J; G — u®dt} oo )

Using convolution theorem of Soham transform on (2)We have,

S0} =3 vS(1)S u(x))
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2! 1

pRata+l = Evv2a+1 S{u(x)}
r'n+1) n!

....{S(x”) = iarari = v2“+“+1}

_ 4v2a+1
S{u()} = =z
_ 4

T opa+l

S =4{) 3)
Operating inverse Soham transform on both side of (3)We have,
w9 =457 {75}
UX)=4 oo 4)
Which is the required exact solution of (1)

d) Application

Consider linear volterra integral equation of first kind whose kernelcontaining exponential function.
x= [y e udt .................. (1)

Applying the Soham transform to both sides of (1),We have,

s{x}=s{f; e Oudt} ... ?)

Using convolution theorem of Soham transform on (2),
We have,

S{x} =v S{eT"}S{u(x)}
1 1
pla+l = vv(va + 1) S{u(x)}
— S{u()}

(v%+1)
vo+1

S{U()} = 5

S{UON} = g F g oo 3)

Operating inverse Soham transform on both side of (3)We have,
- 1 — 1
up) =57 ) + 57 )
UX)=14+X v, @)
Which is required exact solution of (1).

e) Application
Consider linear volterra integral equation of first kind with unity as a kernel

x{= fu®de} ... (1)

Applying the Soham transform to both sides of (1),We have,

S{x3 = S{/; u(®dt} ..o ()

Using convolution theorem of Soham transform on (2)
We have,
S{x} = v S{1}{u(x)}
1 1
a1 =V par S{U()}
a+1

Srariy S{u(x)}

va+1

SUO)} = e
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S{u(x)} = L ............... 3)
Operating inverse Soham transform on both side of (3)We have,
up) =57 { = }
ux)=1...cocoeiiinninnnnn. 4)
Which is required exact solution of (1).

f) Application
Consider linear volterra integral equation of first kind whose kernel contain unknown function with linear in the
argument x and t

sink = u(x — Qu(t)dt ... (1)
Applying Soham transform to both side of (1) we get,
S{sinx}=S{J; u(x — Hu()dt} .............. ()

Using convolution theorem of Soham transform on (2)
we have,

—— = v.S{u()}S{ux)}

v(v2%+1)
1

[SUCN = s

1
S{u(x)} =+ ’m

1

e s 3)

=+

Operating inverse Soham transform on both sides of (3)
We have,

— -1 1
ub) =+ 5 {v\/1+v2“}
UX) =£Jo(x) oo 4)
Which is the required exact solution of (1).

g) Application
Consider linear volterra integral equation of first kind whose kernel containing Bessel's function of zero order.

sinx=[> Jo(x —u®dt ... 1)
Applying Soham transform to both side of (1) we get,
S{sinx}=S{J; Jo(x — u(t)dt} oo ()

Using convolution theorem of Soham transform on (2) we have,

— = v.S{Jo(x)}s{u(x)}

v(v2@+1)

s = Vi) STUe0}
s = G Su]
D™ Spupo)

v(v22+1)
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e
S[u)] = v[(J1+12%) (Y 1412%) .
Slux)|=——... ... ... ... (3
Operating inverse Soham transform on both sides of (3),
We have,
e 1
u(x)_ 5 1{1; 1+v2‘7‘}
fu@)}=Jo(x)............ 4

Which is required exact solution of (1).

VI. CONCLUSION

We successfully used SOHAM TRANSFORM in Volterra integral equation of first kind. To obtained the solution of
linear Volterra integral equation of first kind this shows that such that is useful and effective in solving the problems of
linear Volterra integral equation of first kind.
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