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1. INTRODUCTION

In this work, we will focus on n-normed and n -inner generated spaces, two topics that are central to the field of
functional analysis, which was first developed at the turn of the 19th century and finally established in the 1920s and
1930s.

Gahler offered a fascinating n-norm theory on linear spaces in [4]. Numerous authors, including Kim et al. [9],
Malceski [11], Misiak [12], and Gunawan [5], have developed linear n-normed spaces systematically. As of late,
Kritiantoo et al. [10] have researched the equivalence of n-norms in n-normed spaces. In a linear n-Banach space, n-
norms must satisfy certain conditions in order to be fully equivalent, and that is what this work aims to achieve. current
research on the functional analysis parts we're referring to ( [1,2], [6-8], [13,15]).

According to Chen et al. [3], the extended parallelogram law is a necessary and sufficient condition for an n-normed
space (n-Ns) to be an n-inner product space as follows:

illu +v,ay, e, a2+ lu—v,ay, .. anll? = (lw, ag, o, agll? + v, ag, e, @y 1?) (1.1 such that the

n-inner product (n-Es) space for all u, v, a,, ..., a,, is introduced by

4w, vl|ay, .., an) = (lu+v, ay, ..., a4, — llu—v, ay, ..., a,|D). (1.2)
Soenjaya [16] consider a relation (1.2) as the attribution of n-Es

We require the following definitions for this work:

Definition 1.1. [2] A real-valued function (- |-, ...,”) on U™ satisfied the following properties:
nl 1: (uq, uqlug, .., uy) =0 and (uy, uqluy, ..., uy) =0,

if and only if w,,u, ...,u, are linearly dependent.

nl 20 (uy, uglug, oo, un) = (i, g, sy, . ug, ), for any permutation (i, ..., i) of (1,...,7).

nl 3: (g, uqlug, oo, Un) = (U, g Uy, .. Uy),
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nl4: (ouy, uqluy, ..., uy) = o{ug, uy|uy, ..., u,), foreveryo € R.
nl 5: (ug + 1o, Uy Uy, o, Upn) = (Ug, Ug Uy, o, Uy) + (Do, Uq U, o, Up).
is called n-E on a vector space U. The pair (U,{-, |, ...,7)) iscalledan n- Es

Definition 1.2. [2] Let X be a real vector space of dim = n. An n-norm on U is a mapping |-, ...,/]| : U™ = R, which

satisfies the following four conditions:

nN 1: |luy, ..., u,|l =0, ifandonly if u,,...,u, are linearly dependent,

nN 20 lluy, o, unll = |Jug,, .,y ||, for every permutation (i, ...i,) of (1,...,n),

nN 3: |louy, ..., u, || = lollluy, ..., u,l| for o € R,

nN 4: |lug + g, Uy, o, Ul < Uy, Uy, oo, U ||+ |2, Uy, o, Uyl

forall uy,,,u,,...,u, € U. The pair (U, ||, ...,/]|) is called an n-normed space (n-N).

2. MAIN RESULTS
Our main result states as:

Theorem 2.1. A characterization of n- Es using n-Ns on C, for every u, v, u,, ...,u, € U are:
i' 2("u' uZ' --'lunllz - ”vl uZI '"!unllz) = "x + ly, uZI '")unllz + ”x - ly) uZI ---;unllzv (21)

”u +v, Uy, --'lunllz - ”u — UV, Uy, ... Iun”z
. 2.2)

ii. 8(u, vluy, ..., u,) = ( +
l(”u + iv,uZ, --'lunllz - ”u - iv: Uy, Junllz)

Proof.
To prove equation (2.1) of (i),
lu + v, uy, oo, unl1? + U — v, Uy, ..., uy||?
=Uu+iv,x + iy|uy, .., uy) + (U —iv,u — ivluy, ..., uy,)

= (ululuZF lun> - Zi(ulvluZI ’un> - <U’U|u21 ’un)
+

(u, uluy, ..., uy) + 2i{w, v|uy, ..., uy) — (¥, ylug, .., uy)
= 2(u, u|uy, ..., Up) — 2{v, V|Uy, ..., Uy)

= 2(llw, uz, o, unll® = IV, Uz, oo, upl1?).
To prove equation (2.2) of (ii),
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. lu+ v,y w12 = llu = v, uy, ..., Uy |12

= +

8 . . 2 . 2
i(llu+ iv,uy, oo, ugll® — llu — iv, uy, ..., uy|1%)

= %(4(u,v|u2, v, Up) + (=40, v|uy, ...,un)))

= (u, v|uy, ..., Uy).

CONCLUSION

In order to make it easier for many researchers to demonstrate the results while operating inside the volume of the
spaces, a few characteristics of generalized metric regions are described in this study.
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