IA RJ SET ISSN (O) 2393-8021, ISSN (P) 2394-1588

(@ International Advanced Research Journal in Science, Engineering and Technology
Impact Factor 8.066 < Peer-reviewed / Refereed journal 3¢ Vol. 12, Issue 2, February 2025
DOI: 10.17148/IARJSET.2025.12234

Generalization of Some Classes of Integrable
Riccati differential Equations

Fatma F.S. Omar!?

Department of Mathematics, Faculty of Science, Gharyan University, Libya?

Abstract: We present a solution method for a general Riccati differential equation by imposing relationships between
the coefficients of the Riccati differential equation and explaining them through proofs and examples, we can find the
general solution to the various forms of Riccati's equation by integration directly after transforming it into a separable
differential equation.
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l. INTRODUCTION

The Riccati differential equation is a nonlinear first-order equation. It is expressed by the following equation;

y' = q;(0)y? + q.(0)y + go(x), @)
where g,(x), g,(x) and q,(x) are continuous functions and y is the unknown variable. The Riccati equation is widely
used in fields like mathematics, physics, engineering [1], [2], and financial mathematics, with applications in areas such
as random processes, optimal control, diffusion problems, network synthesis, and quantum mechanics [3]-[5]. One of
its strengths is its ability to connect linear quantum mechanics with other physics domains like thermodynamics and
cosmology. The Riccati equation also plays an important role in financial mathematics since most interest-rate models
contain time-dependent functions [6]-[11].

Solving the Riccati equation analytically is generally not possible, but numerical methods like the Euler and Runge-
Kutta methods are commonly used. In this paper, we will provide algebraic solutions to special forms of the Riccati
equation through the following theorems:

Theorem 1.1 The Riccati differential equation
y a
"=q () (yP+—==+ ) 2
Y = 0@y + 75+ o @
where g(x) is a continuous function in x and a is a constant, and is a separable differential equation.
Proof. Multiplying (2) by q(x)?, we have an equation
a*(x)y' = q*(¥)q' ()y* + q(x)q' )y + aq’ ().
Adding q(x)q’ (x)y to both sides we obtain
q*()y" +q()q'(0)y = ¢*(1)q'()y* + q()q'()y + aq'(x) + q(x)q' (),
q() @)y +q'()y) = q' () (@*)y* + 2q(x)y + a),
Finally, let u = q(x)y we obtain a separable differential equation
qgu’' =q' (x)(u? + 2u+ a),
f du (9 ™)
w?+2u+a) ) qkx)

dx.

Example 1. Solve Riccati differential equation
y' = y%cos(x) + ycot(x) + 15 cot(x) sec (x).
According to the previous theorem, we find, a = 15, q(x) = sin(x), q'(x) = co s(x),u = ysi n(x),

du _ [ cos (x)
J- U2 +2u+15) fsin (x) dx,
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(V14 + 1)
V14tan 1<1f—4)

= In|sin(x)| + k,

14
_1 (V14(ysi + 1
V14tan™! ( (y511n4(x) ))
12 = In|sin(x)| + k.

Theorem 1.2. The Riccati equation of the form
y =@ (et s) )
q(x)  q"(x) /)’
where g (x) is a continuous function in x and a, b are constant coefficients n € R,n # 2, and is a separable differential
equation.
Proof. Multiplying (3) by q(x)", we have an equation
q"(x)y' = ¢*"?()q' ()y? + aq(x)""'q'()y + bq' (x),
Adding (n — 1)q™ 1 (x)q' (x)y to both sides of the last equation we will have a new one
")y + (= 1Dq" " (0)q' )y = "2 (0)q' ()y* + aqg" " (x)q' (x)y + bq' (x)
+(n — Dg"H(x)q' (x)y,
qO[q" Tt ()y" + (n = D" () q' ()y] = q' () [¢*" 2 (0)y?,
+(a+n—1)qg" (x)y + b].
Finally, usage of the substitution u = g™ 1(x)y leads to deal with a separable differential equation
gu' =q'(xX)W? + (a+n-1Du+b),
du (7@
f(u2+(a+n—1)u+b) _f q(x) dx.

Example 2. Consider the Riccati differential equation

r— Lx? 2 x2,,2 2 5
y=e¥(2x*+ )| xe*y*+—5+ 3 |
xe* (xexz)

From the Theorem 1.2 we have,

du 2x2e*’ + X’
J(u2+(2+3—1)u+5):J o
where n=3,a=2,b=5, q(x) = xe"z,q’(x) = 2x2e* 4+ ¥ u= yxe"2
tan t(u+2) = ln|xex2| +k,

tan~1(yxe* +2) = ln|xe"2| + k.

Theorem 1.3. The Riccati differential equation which has a view of
@), (1) ")
e T (q(x) _m)y “ W

where g(x) is a continuous function in x and a is constant coefficient, is a separable differential equation.
Proof. Multiplying (4) by % ,we have an equation

@, _@®)’ 2+q’(x)<q’(X)_q”(X)) AR
1@ T @@?” T\ ™) @

q' ()qx)y +q)q" )y — (@' )’y  (@'@©)° ,  q'x)
= y a

qz(x) (q(x))3 Q(x)

<q'(x)y>'=q'(x) @2,
q(x) q(x) (q(x))zy .
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Finally, usage of the substitution u = 'Z((—’;))y leads to deal with a separable differential equation
R C
u w* +a),
q( )
f _ f (x)

(u?+a) q(x)

Example 3. Solve Riccati differential equation
(3x2 + 2)? 3x*—6x +4

= 24+ + 3.
G +2x+ 120 T35+ 8x3 +3x2+4x+2°

From the Theorem 1.3 we have,
f du f 3x24+2
= dx
(w?+3) x3+2x+1

3x2+2
x342x+17’

where a=3,q(x) =x3+2x+1,q'(x) =3x*+2,u=

V3 _1< V3(3x% +2)

i — vy = 342 1 .
3(x3+2x+1)y) In(x>+2x+1)+k

t
3 an
Theorem 1.4. If g, (x), g, (x), g, (x) are continuous functions in x, g, (x) # 0 and z"—gie‘”ql(")d’f = q, such that a is
2

a constant, then the function

y(x) = ka el 1099 tqn (\/Ef qo(x)el nn®ax dx),
is a solution to the Riccati equation (1), k is an integration constant.
Proof.
V' =q:(0)y* + q:(0)y + qo(x),
y’e_fql(x)dx — qz(x)yze_fql(x)dx + q(x)ye_fql(x)dx + qo(x)e_f‘h(x)dx'
e—fCh(x)dx —_ ql(x)ye_fql(x)dx = qz(x)yze_fql(x)dx + qo(x)e_f‘h(x)dx
d(ye—fq1(x)dx) = q,(x)y2e~ Ja®ax g (4)e=[a1(dx
Letu = ye~J a1(0dx
x)u ef‘h(x)dx + 90 (x)e f‘h(x)dx

g (x)e~J ar(nax
< C(I)z(x)ef%(x)dx g, (x)ef ntdx

%(x) e—2J a1(x)dx Ja1()dx
qz(x) q.(x)e ,

Since Z"—g;e‘”ql(")d" = a, we have
2

J du = f qo(x)ef‘h(x)dx dx ,
a
1 u
— wm‘1 — = j x)el a)ax gy
u
N \/_J- qo(x)efql(x)dxdx)
a

u = \/Etan \/Efqo(x)efql(")d"dx>,

y = Va el 11®adx ¢qn (\/EJ- qo(x)ef‘h(x)dxdx).
Example 4. Solve Euler-Riccati equation

y' = e 2’y2 4 (3x2 + 5)y + 7el0*,
From the Theorem 1.4 we have
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y = VJa el 11™ax ¢qn (\/Ef 9o (x)efql(x)dxdx)
where
@2 (x) = 72 q,(x) = 3x% + 5, g, (x) = 7e0%

y = ﬁex3+5x.tan (ﬁf 7eleef(3x2+5)dxdx>,

y = kV7 X" *5% tan (7\/7] g* +10x+5x dx)

Lemma 1.1 The Riccati equation of the form
y' =q' )%y - %y +a )
where q(x), q(x)" are continuous functions in x and a is constant coefficients n € R,n # 2, is a separable
differential equation.
Proof. Multiplying (5) by q(x)’, we have an equation
q)'y' = q'(x)*y* = q"(xX)y + aq' (%),
q()'y' +q" 0y = q'(0)*y* + aq' (x),
(@' )y)' = q'()(q' ()*y* + a),
Finally, usage of the substitution u = q'(x)y leads to deal with a separable differential equation
u'=q' ()W +a),

-104%N =
Ztan (\/H)—q(x)+k,

Y CHC A
ﬁan ( Ta )—q(x)+k.
1. CONCLUSION

The work demonstrated a direct connection between the coefficient functions of the Riccati equation and the direct
integration of the equation to obtain the general solution after using simple mathematical methods to transform it into a
separable equation
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