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Abstract: The theory of p-valent functions is an important subject in the geometric function theory. Recently, many
researchers have shown great interests in the study of p-valent functions. The aim of this paper is to investigate several
results concerning the subordination of multivalent functions in the open unit disc U; which are associated with derivative

operator D g; opf @)
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L INTRODUCTION
Let H (U) denote the class of analytic functions in the open unit disc U = {z: z € C, |z]| < 1}, and let H[a, p] be the
subclass of H (U) of the form
f(2) =a+ayz" +a,,1z°*"" + -, (z€U,p €N).
Let Ay, be the subclass of 7 (U) of the form
f(2) =2P + ¥ 5-p1 anZ™, (z€eU,p€eN). (1.1)
For f(z) and g(z) are analytic in U, we say that f is subordinate to g if there exists an analytic function w in U, with

w(0) =0 and |w(z)| < 1 such that f(z) = g(w(z)),z € U. We denote this subordination by f(z) < g(2). If g(z) is
univalent in U, then the subordination is equivalent to f(0) = g(0) and f(U) c g(U).

Definition 1.1. For a function f € A, given by (1.1), we define the derivative operator by D(’;’; sof (2)

a
Dy pf @) = 72+ Bipia (5) (B =p)A = &) +planz", (z €U), (1.2)
where§ >0, >0, A>0, § #\, k,a e Ny, ={0,1,2,...} and p € N.

Remark 1.1. It should be remarked that the differential operator Dg‘_’g_&p f(2) is a generalization of many operators

considered earlier. Let us see some of the examples:

Forf =A=p =1and a = § = 0, we get the operator introduced by Saldgean [5].

ForA=p =1and a = § = 0, we get the generalized Salagean derivative operator introduced by Al-Oboudi [4].
For p = 1 and @ = 0, we obtain the operator introduced by Darus and Ibrahim [6].

The following Lemmas will be required in our investigation:

Lemma 1.1. (see [11]) Let q(z) be convex univalent in the unit disc U and let Y € C andy € C — {0} with

1 zq'(2) £>0.
. +q'(2)+y}

If p(2) is analytic in U and Yp(2) + yzp'(2) < ¥q(z) + yzq'(2), then p(z) < q(2), (z € U) and q is the best dominant.

Lemma 1.2. (see [8]) Let q(z) be univalent in the unit disc U and 0 and ¢ be analytic in a domain D containing q(U)
with ¢(w) # 0 when w € q(U).
Set

Q(2):=zq'(2)$(q(2)), and h(z):=6(q(2)) + Q(2).
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Zgéz))} >0 for z€ U. If the subordination 8(p(z)) +

zp'(2)Pp(p(2)) < 0(q(2)) + zq'(2)p(q(2)) holds then p(2) < q(2), (z € U) and q(2) is the best dominant.

Suppose that Q(z) is starlike univalent in U, and R{

Lemma 1.3. (see [9]) Let q(z) be convex univalent in the unit disc U and y € C. Further, assume that R{y} > 0. If
p(2) € H[q(0),1] n Q, with p(z) + yzp'(2) is univalent in U, then q(z) + yzq'(z) < p(z) + yzp'(z) implies q(z) <
p(z) and q(2) is the best subordinant.

Lemma 1.4. (see [10]) Let q(z) be convex univalent in the unit disc U and 9 and @ be analytic in a domain D containing

q(U). Suppose that zq'(z2)p(q(2)) is starlike univalent in U, and ﬂi{%} >0forzeU. Ifp(z) € H[q(0),1]1nQ,

with p(U) S D and 9(p(2))+ zp'(2)@(z) is univalent in U and 9(q(2)) + zq'(2)9(q(2)) < I(p(2)) +
zp' (2)p(p(2)) then q(2) < p(2), (z € U) and q(2) is the best subordinant.
IL MAIN RESULTS

We study the subordination for functions containing derivative operator, and followed by some sandwich results.

Theorem 2.1. Let f,g € A, (Dg“g‘&pg(z))” be a convex univalent in the unit disc U and Q,y > 0, such that
(D;’g‘ p9d(2))? be analytic in U satisfies

zpke g11(z) zpk? g'(2)
R{1 + —obhr” 4 (0 —1)—2£ie"— L By,
Ds.p,5p9' (@) Dspspd®) ¥

DY g(2) # 0,DF% g'(2) #0, z € U.

If (DF'g cpf (2))? € A, and the subordination

zD ’g;g, ipf1@
D5 cpf @

Kk,
Z'D&g’/(’pgl(Z)

< (DE%  g(2)?[1+ 0
] <( 5,3,&,;;9( Dl Y Dg,’f;‘,x,pg(Z)

(D55 f (@)1 + 2y

—_—

’

holds then
(D5 cpf @) < (DFf (,9(2))*

and (Dg'g, p9(2))? is the best dominant.

Proof. Our aim is to apply Lemma 1.1. Setting

p(2):= (Dyfs,f(2)? and q(2):= (Dyfs,9(2)".
It suffices to prove
zq11(z) 1
R{1 + @ + y} >0, y=0.

By the assumptions of the theorem, and using the following
(D‘I;:gﬂ{vpf(z)), = Dg,'g,x,pf’(z)' (D(I;;g,/{,pg(z)), = Dg:g,,{_pg,(z):

and
(D59 (@) =D 9" (@).

zq""(z) 1
Then ER{I + pres) +]—/}
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" Z)K“ !
zf) (Dfs"',’,}“,&pg(Z))”[ ;kﬁaApZ(i)) (pskﬁal(pg ((Z)))z + Q(Diﬁ%g(())) ] 1
= {1 + 5.8, 2.84p9 s84p9 +-3
M

Q(Dysg 19 9@ (L )

53,(,, 9(2)

DYG 9@,
Dy (9@ D’ggﬁpg(z)) Dyf (9@

= {1+ 2L 24

5,B,K,pg’(z)

k, Kk,
D o) DS 0

+3

< |r

Dyf (9@

ZDg:loi'l.A.pg"(z) +(-1) M + l}

=R{1 +
{ Dy (0 91(2) DY@ ¥

>0

Now we show that
p(2) +vzp'(2) < q(2) +vzq'(2),

where R{y} > 0 and ¥ = 1. By using the assumption of the theorem we have
p(@) +y2p' (@) = (Dsf spf () + v2I(D5G s f ()]
= (Dsﬁ,{pf(z))n + VZ[QDsﬁ,(p(f( 2))%” 1D6B,{pf (2)]
2D F1(2)
=(D 2 4 yal(D 0 S.B,&,p
=( 5;3,{pf(2)) y2[( 53Apf(z)) ng',g’&pf(z) ]

2D §"gf_ /1@

=(D z))?[1 +
( 6,81{pf( )) [ Dlg:g'&pf(z) ]
sz’a 9'(z)
< (D 2)?[1 + 2y —pLArT
( 63&;,.9( N-L 14 Ds,ﬂ,,(,pg(z)]

= q(2) +vzq'(2).

Thus in view of Lemma 1.1, p(z) < q(2) and q is the best dominant.

Taking q(z) = —— in Theorem 2.1, we have the following corollary.

1+Bz
Corollary 2.1. Let q(z) be a convex univalent in the unit disc U and 1 < B < A < 1,0,y > 0, such that (thlfpg(z))‘2
be analytic in U satisfies
Dgf1p9" (D) DG 9"
R{L+ —oL57 2 4 (0 — 1) 2B 1 Ly 5,
Dg:ﬁﬂ(’pg'(z) Dg:ﬁ'&pg(z) 14

D5 sp9(@) #0,D55,,9'(2) #0, z € U.

If (D55 i (2))? € A, and the subordination

D 211 + 0 D5h @D 114z (4-B)
( BBApf(Z)) [ 14 71)1‘;,;&”(2) ] 148z (1+B2)?’
holds then
1+Az
(Dsﬁ,{pf(z))ﬂ <115
1+Az . .
and —— is the best dominant.
1+Bz
Further taking A = 1, B = —1 in Corollary 2.1, we state an interesting result in the following corollary.
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Corollary 2.2. Let q(z) be a convex univalent in the unit disc U and 0,y > 0, such that (D(‘;ﬁ[{pg(z))!2 be analytic in
U satisfies
ZD5g an(2) DYG 9" (D | 1
R+ i 2y (g — 1) 2eT 2 1y s,
Dg:ﬁ,&pg'(z) Dg B/(pg(z) 14

DggApg(Z)¢0D55Apg (Z)io, z € U.

If (D55 24pf (2)? € A, and the subordination

DN f1(2) 1+ 2
(D5 cpf @21 + oy i —] < =2 4 22

pEE @ 1oz -2

holds then
E

(D55 4pf (@) <

and g is the best dominant.

Theorem 2.2. Let f, g € A, and z [(M)“] be starlike univalent function in U. Assume that
Dé‘ﬁ,{pg (2)
z)=—=""———1p, (z€U),
p() = TREETE —p, (V)
such that
(p(z)+p)[%—(p(z)+p)]+p
R{ WZ@ +up(2) +2}>0, (z€U).

,Dk,oc (@)
If ((2£42" i e A4, and the subordination
zP p

D5 ipf @ Dy ipf' (@ @ @)
i TGS L) Wy VIS (7‘””"“” = - )

DyG s pf (@ 9(2)
holds then
ka k,a
Dg'{;,{pf(z) D‘;’ﬁxpg(z)
(R Dy < (LT, > 1,
zP zP
)
and (—=£22— 5‘8“’9( )H is the best dominant.

Proof. Our aim is to apply Lemma 1.2. Setting

DR f(2) 9(2)
p(2):= () and q(2):= (CRiap

zP

Then we obtain

Dap,(pg (2) ng:g_,(_pg(Z)
2D ZD+1 ]

Dg:B_,;_pg’(Z) _r

DyGpd(@  Z

, DEY  9(2)
q'(z) =u( 54w |

zb
735 B4, pg(z)

= p(2E T yu

53,(,,.9 (2) p-
=nq(z )[Damg@ o

and

D 5.ip9 (DD 519" @ =(D5 59" @) | p. )
(DG 4 p9(@)? 22

q"'(z) =up{qa@)(

584p9'(2)  p
DB—P__)}
53 g(Z) z

= ulq(z )[ SB&pg '@ Dgfg,&.pg’(z))z + 2]+ M ) "(2)).
= Hhalz Gipd@ DR 9(D) z2 DyG 4 pIC

+uq' (2)(
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By letting
f(w):=w and ¢(w):=1,
it is clear that 8(z), ¢(z) are analytic in C. Also, we consider

Q(2):= 2q'(2)9(2) = zq'(2),
h(2):=0(q(2)) + Q(2) = q(2) + zq'(2)

implies
W(z) = 2q'(2) + zq" (2).
By the assumptions of the theorem, we find that Q () is starlike univalent in U and that

W@, @)
0 - T

R{ }

k, " k, ! k, ’
ZD(;Z/{pg (Z) _Z(D(Skgl{pg (Z))Z +E+ Z(ﬂskg,(pg (Z) _2)2
Dy p.4p9(%) Dspipd(®) - Ds 5.9 (2)
ngpg @ _p

Ds_/;_,{,pg(z) z

= R( +2}

K, K, k,
Ds'spd (2) 2Dspp9"(2)  2Dsp 4,9 (2)

k, K, Ak z g
Da,g,,{,pg(z) D&g’&pg'(z) D(s,g,,{,pg(z) z ZDg,g,A,pg’(Z)

= R{ - -p)+2}

1 2D55,9'@ ) Dyt p9(2)

z D 9(2)

D55 9 (@) zDé"EA,,g"(z) _ 2D55,9'(2)
Dk,a Dk,a ] + p
5,5,,{,)9(2) 5/3,(pg (Z) 5,/3,,(,,7.9(2) 55,{;;9 ( )
= R{ u( T -p)+2}
D(s B.4pY (Z) ﬂs,g,m)g(z)
Dki p)
1@
(p(z)+p)[%()—(p(z)+p)]+p
58,409
= 2
R{ o +up(2) + 2}
> 0.
Now we proceed to prove
p(2) + zp'(2) < q(2) + zq'(2).
A computation shows that
5/3& f(2) 5;3& f(@)
() +2p'(2) = (— 5 + 2[(—= "

SBApf() e DYG 4 pf1(2)
= (2LAp-Tyugq 4 (b
= ROy 1+ (e )
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9(z) 9'(2)
< By 4 (—““"() P)}
6 Ap

=q(2) +2q'(2)

Thus in view of Lemma 1.2, p(z) < q(z) and q is the best dominant.

Theorem 2.3. Let f, g € A, (Dslmpg(z)) be convex univalent in U and (DS‘“pf(Z))!2 € H[0,1] N Q. Assume that
0 ZDS.B.&.pf 2 0

(D(gﬁ&pf(z)) [1+v02 W] is univalent in U where Q,y € C,R{y}> 0. If (Da/z,{pf(z)) € A, and the

subordination o

zDg’g' ip f1(z)

DyG s pf (@

ZDk'a aes)
(Daﬁ,{pg(z))n[l + Oy %'1{7'22] < (Z)(’;‘[';’,MD]‘(z))‘2 [1+ 02y 1,

Dé‘,ﬁ,&,p ( )
holds then

(Ds B, ,{pg(z))n < (735 B, ,(pf(z))ﬂ
and (Dg‘"g' pd(2))? is the best subordinant.

Proof. Our aim is to apply Lemma 1.3. Assuming that

p(2):= Dy pf (2))? and q(2): = (Dyg5,9(2))".

q(@) +v2q'(z) = (D§§ 9@ +vz[(D5 9@
= (Déﬁz{pg(z))n + VZ[-Q(Dsmpg(Z))ﬂ ! (D(SBApg (2))]

_ 0N 7)6131(;;9 (Z)

= (DL g()°[1 + 0y 7@?2‘@9 -
(2

< (DE FE)P[L+0 M}
DL T (D)

=p(2) +yzp'(2).

Hence in view of Lemma 1.3, q(z) < p(z) and q(2) is the best subordinant.

(2)
Theorem 2.4. Let f, g € A, and (M)” be convex univalent in U. Let the following assumptions satisfy:

f(2)
) [(M)”] is starlike univalent function in U,

f@ D% f' (@)
(i) (M)“ 1+u Zi'f,’# —p | is univalent in U,
zP Dg:[;,&'pf(z)

Dk,a
i) 22O e 310410 g.

D5 i pf (2
If (M)” € A, and the subordination
zP p

Dgﬁ,{pg( ) u 53,{pg (2) 5B&Pf( ) g'g,{pf’(z)
1+u < ("1 + u(—g———
CEETIM + et o8 = ) < M+ G S~ )
holds then
ka ka
Ds'g £p9(2) Ds'g spf (2)
(PP < (P, > 1,
DEY (@)
and (M)" is the best subordinant.
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Proof. Our aim is to apply Lemma 1.4. Letting

k,a
D&'ﬁ_,{_ f(2) 5[;,( 9(2)
(2L Dy (LT,

zP

p(z):= and q(z):=

By taking
J(w):=w and ¢(w):=1,

it can easily observed that 9(z), ¢(z) are analytic in C. Thus

m{ﬁ’(q(l))} 1> 0.

¢a(2))
Now we must show that
q(2) +2q9'(2) < p(2) + zp'(2).

A computation shows that

, 9@ DEE 9@,
q(2) + 24'(2) —(‘””" I+ z[ (L)

8BApg( ) 5’;,(1;9 (2)
= (LT 4 p(Cprf T
Dlllzpag(z)

p)}

sp.4pS (2 sp4pf (@)
<(—‘“” YL+ (—’“”f() ));
8.BAp

=p(2) +2p'(2)
Thus in view of Lemma 1.4, q(z) < p(z) and p is the best subordinant.

Combining Theorem 2.1 and Theorem 2.3 we get the following sandwich theorem:

Theorem 2.5. Let f, g1, g, € A, and let (DM,Apgl ()%, (D5 8.4p92 (2))? be convex univalent functions in U satisfy

k, k,
2D 192" (2) 2D (p92'(2)

+(@-1 +31>0.

R{1 +
S e DES 02D ¥

If
@) (Daﬁ,{pf(z))n e H[0,1]NnQ,

2D8%  fi(z)
ii) (D )21 + Qy =2B52" "y s univalent in U
@) ( BﬁApf( N[ 14 D’g,'f;‘,&,pf(z)]

and satisfies the subordination

ZDSf (o f1(2)
D5 cpf @

k,
zD&g,A'pgl 1(z)

(Daﬁ,(pgl(z))g[l + 2y ] (D(sﬁ,{pf(z))ﬂ[l + 1y ]

Dg:'g'/('pgi (2)

k,
2D§g (92" (2)

< (Dka Z2)?[1+ 0 ,
( B,B,A,ng( DY 14 Df;‘;g_&,pyz(Z)

where 2 > 0,y € C with R{y} > 0. Then

(DSﬁApgl(Z))ﬂ < (Dﬁﬂ/{pf(z))ﬂ < (Daﬁ,{pgz(z))ﬂ: n>1,

such that (D5 8.4pI1 (2))? is the best subordinant and (D(Is(,'g, (pJ2 (2))? is the best dominant.
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Proof. Simultaneously applying the techniques of the proof of Theorem 2.1 and Theorem 2.3, we obtain the required
result.

Combining Theorem 2.2 and Theorem 2.4 we get the following sandwich theorem:

Theorem 2.6. Let f, gq, g, € A, and let (M)“ be convex univalent functions in U. Assume that

p(z)::M_p, (z € U)

DG p9(@
such that
g2!'1(2)
(p(z)+p)[% (p(2)+p)]+p
2
R{ ”“’p(z) +up(z) +2}>0, (z€U).
and
(2) (@)
() z[(—=— ‘”””gz ] ,z[( M“’gl )“] are starlike univalent functions in U
. D,;'Z‘A (@ zDa'gI{ () . . )
(i) (%)“ 1+ u|—22———p|{ is univalent in U and
D&'B,A,pf(z)
f@
(i) (M)“ €3[01]n Q.
DG pf @)
If (W’ZA—';’Z)” € A, and the subordination
25/;,{17.91( ) u 5'g1{p.91’(z) 6[;,{pf( ) 6';,{pf’(z)
1+ p(—oBin = < (2BAR Ty 4 (e
CEEM + G2 =) < € {1+ G s~ )
'Dgﬁ,(pgz( ) Dg,g,,(,pgz (@)
< M+ p(—pRir=—
CEEEDM+ i 25— )
holds then
ka ka ka
(oL < (Ponir Oy < P840 Oy 5 1,
D5 fip91(D),, DshipIz(®)

and ( S8 ’Az'z;gl i ¢ S8 ’Az‘z;,gz i )# are respectively the best dominant and the best subordinant.

Proof. By using the same techniques, as in the proof of Theorem 2.2 and Theorem 2.4, the required result is obtained.
I11. CONCLUSION

we study a new subclass of p-valent function by using the subordination concept between this function and a generalised
derivative operator in the open unit disc.
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