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Abstract: The theory of p-valent functions is an important subject in the geometric function theory. Recently, many 

researchers have shown great interests in the study of p-valent functions. The aim of this paper is to investigate several 

results concerning the subordination of multivalent functions in the open unit disc 𝕌; which are associated with derivative 

operator 𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑓(𝑧). 

 

Keywords: analytic functions, multivalent functions, differential operator, subordination. 

 

I. INTRODUCTION 

 

Let ℋ(𝕌) denote the class of analytic functions in the open unit disc 𝕌 = {𝑧: 𝑧 ∈ ℂ, |𝑧| < 1}, and let ℋ[𝑎, 𝑝] be the 

subclass of ℋ(𝕌) of the form  

 𝑓(𝑧) = 𝑎 + 𝑎𝑝𝑧𝑛 + 𝑎𝑝+1𝑧𝑝+1 + ⋯ , (𝑧 ∈ 𝕌, 𝑝 ∈ ℕ). 

 

Let 𝒜𝑝 be the subclass of ℋ(𝕌) of the form  

 

 𝑓(𝑧) = 𝑧𝑝 + ∑∞
𝑛=𝑝+1 𝑎𝑛𝑧𝑛,        (𝑧 ∈ 𝕌, 𝑝 ∈ ℕ). (1.1) 

 

For 𝑓(𝑧) and 𝑔(𝑧) are analytic in 𝕌, we say that 𝑓 is subordinate to 𝑔 if there exists an analytic function 𝜔 in 𝕌, with 

𝜔(0) = 0 and |𝜔(𝑧)| < 1 such that 𝑓(𝑧) = 𝑔(𝜔(𝑧)), 𝑧 ∈ 𝕌. We denote this subordination by 𝑓(𝑧) ≺ 𝑔(𝑧). If 𝑔(𝑧) is 

univalent in 𝕌, then the subordination is equivalent to 𝑓(0) = 𝑔(0) and 𝑓(𝕌) ⊂ 𝑔(𝕌).  
 

Definition 1.1. For a function 𝑓 ∈ 𝒜𝑝 given by (1.1), we define the derivative operator by 𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑓(𝑧)   

 

 𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑓(𝑧) = 𝑧𝑝 + ∑∞

𝑛=𝑝+1 (
𝑛

𝑝
)

𝛼
[𝛽(𝑛 − 𝑝)(λ − 𝛿) + 𝑝]𝑘𝑎𝑛𝑧𝑛,   (𝑧 ∈ 𝕌), (1.2) 

 

 where 𝛿 ≥ 0, 𝛽 > 0, λ > 0, 𝛿 ≠ λ, 𝑘, 𝛼 ∈ ℕ0 = {0,1,2, . . . } and 𝑝 ∈ ℕ. 
  

Remark 1.1. It should be remarked that the differential operator 𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑓(𝑧) is a generalization of many operators 

considered earlier. Let us see some of the examples:   

For 𝛽 = λ = 𝑝 = 1 and 𝛼 = 𝛿 = 0, we get the operator introduced by Sălăgean [5].  

For λ = 𝑝 = 1 and 𝛼 = 𝛿 = 0, we get the generalized Sălăgean derivative operator introduced by Al-Oboudi [4].  

For 𝑝 = 1 and 𝛼 = 0, we obtain the operator introduced by Darus and Ibrahim [6].  

     

The following Lemmas will be required in our investigation:  

 

Lemma 1.1. (see [11]) Let 𝑞(𝑧) be convex univalent in the unit disc 𝑈 and let 𝜓 ∈ ℂ and 𝛾 ∈ ℂ − {0} with  

 

 ℜ{1 +
𝑧𝑞′′(𝑧)

𝑞′(𝑧)
+

𝜓

𝛾
} > 0. 

 

If 𝑝(𝑧) is analytic in 𝑈 and 𝜓𝑝(𝑧) + 𝛾𝑧𝑝′(𝑧) ≺ 𝜓𝑞(𝑧) + 𝛾𝑧𝑞′(𝑧), then 𝑝(𝑧) ≺ 𝑞(𝑧), (𝑧 ∈ 𝑈) and 𝑞 is the best dominant.  

  

Lemma 1.2. (see [8]) Let 𝑞(𝑧) be univalent in the unit disc 𝑈 and 𝜃 and 𝜙 be analytic in a domain 𝐷 containing 𝑞(𝑈) 

with 𝜙(𝑤) ≠ 0 when 𝑤 ∈ 𝑞(𝑈). 
Set 

 𝑄(𝑧): = 𝑧𝑞′(𝑧)𝜙(𝑞(𝑧)), 𝑎𝑛𝑑    ℎ(𝑧): = 𝜃(𝑞(𝑧)) + 𝑄(𝑧). 

https://iarjset.com/
https://iarjset.com/
https://iarjset.com/


IARJSET 

International Advanced Research Journal in Science, Engineering and Technology 

Impact Factor 8.311Peer-reviewed & Refereed journalVol. 12, Issue 10, October 2025 

DOI:  10.17148/IARJSET.2025.121001 

© IARJSET                  This work is licensed under a Creative Commons Attribution 4.0 International License                   2 

ISSN (O) 2393-8021, ISSN (P) 2394-1588 
 

Suppose that 𝑄(𝑧) is starlike univalent in 𝑈, and ℜ{
𝑧ℎ′(𝑧)

𝑄(𝑧)
} > 0 for 𝑧 ∈ 𝑈. If the subordination 𝜃(𝑝(𝑧)) +

𝑧𝑝′(𝑧)𝜙(𝑝(𝑧)) ≺ 𝜃(𝑞(𝑧)) + 𝑧𝑞′(𝑧)𝜙(𝑞(𝑧)) holds then 𝑝(𝑧) ≺ 𝑞(𝑧), (𝑧 ∈ 𝑈) and 𝑞(𝑧) is the best dominant.  

  

Lemma 1.3. (see [9])  Let 𝑞(𝑧) be convex univalent in the unit disc 𝑈 and 𝛾 ∈ ℂ. Further, assume that ℜ{𝛾} > 0. If    
𝑝(𝑧) ∈ ℋ[𝑞(0),1] ∩ 𝑄, with 𝑝(𝑧) + 𝛾𝑧𝑝′(𝑧) is univalent in 𝑈, then 𝑞(𝑧) + 𝛾𝑧𝑞′(𝑧) ≺ 𝑝(𝑧) + 𝛾𝑧𝑝′(𝑧) implies 𝑞(𝑧) ≺
𝑝(𝑧) and 𝑞(𝑧) is the best subordinant.  

  

Lemma 1.4. (see [10])  Let 𝑞(𝑧) be convex univalent in the unit disc 𝑈 and 𝜗 and 𝜑 be analytic in a domain 𝐷 containing 

𝑞(𝑈). Suppose that 𝑧𝑞′(𝑧)𝜑(𝑞(𝑧)) is starlike univalent in 𝑈, and ℜ{
𝜗′(𝑞(𝑧))

𝜑(𝑞(𝑧))
} > 0 for 𝑧 ∈ 𝑈. If 𝑝(𝑧) ∈ ℋ[𝑞(0),1] ∩ 𝑄, 

with 𝑝(𝑈) ⊆ 𝐷 and 𝜗(𝑝(𝑧)) + 𝑧𝑝′(𝑧)𝜑(𝑧) is univalent in 𝑈 and 𝜗(𝑞(𝑧)) + 𝑧𝑞′(𝑧)𝜑(𝑞(𝑧)) ≺ 𝜗(𝑝(𝑧)) +
𝑧𝑝′(𝑧)𝜑(𝑝(𝑧)) then 𝑞(𝑧) ≺ 𝑝(𝑧), (𝑧 ∈ 𝑈) and 𝑞(𝑧) is the best subordinant.  

 

II. MAIN RESULTS 

 

We study the subordination for functions containing derivative operator, and followed by some sandwich results.  

 

Theorem 2.1. Let 𝑓, 𝑔 ∈ 𝒜𝑝, (𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧))𝛺 be a convex univalent in the unit disc 𝑈 and Ω, 𝛾 > 0, such that 

(𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧))𝛺 be analytic in 𝑈 satisfies  

 

 ℜ{1 +
𝑧𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔′′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔′(𝑧)

+ (𝛺 − 1)
𝑧𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧)

+
1

𝛾
} > 0, 

 

 

 𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧) ≠ 0, 𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼 𝑔′(𝑧) ≠ 0,   𝑧 ∈  𝑈. 

 

If (𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑓(𝑧))𝛺  ∈ 𝒜𝑝 and the subordination  

 

 (𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑓(𝑧))𝛺[1 + 𝛺𝛾

𝑧𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼

𝑓′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑓(𝑧)

] ≺ (𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧))𝛺[1 + 𝛺𝛾

𝑧𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼

𝑔′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧)

], 

 

holds then  

 (𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑓(𝑧))𝛺 ≺ (𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼 𝑔(𝑧))𝛺 

 

and (𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧))𝛺 is the best dominant.  

 

Proof. Our aim is to apply Lemma 1.1. Setting  

 

 𝑝(𝑧): = (𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑓(𝑧))𝛺   𝑎𝑛𝑑   𝑞(𝑧): = (𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼 𝑔(𝑧))𝛺 . 

It suffices to prove  

 ℜ{1 +
𝑧𝑞′′(𝑧)

𝑞′(𝑧)
+

1

𝛾
} > 0,    𝛾 ≠ 0. 

 

By the assumptions of the theorem, and using the following  

 

 (𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑓(𝑧))′ = 𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼 𝑓′(𝑧),   (𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧))′ = 𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼 𝑔′(𝑧), 

    

and  

 (𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔′(𝑧))′ = 𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼 𝑔′′(𝑧). 

 

Then            ℜ {1 +
𝑧𝑞′′(𝑧)

𝑞′(𝑧)
+

1

𝛾
}     
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= ℜ{1 +

𝑧𝛺(𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧))𝛺[

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔′′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧)

− (
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼 𝑔′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧)

)2 + 𝛺(
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼 𝑔′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧)

)2]

𝛺(𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧))𝛺(

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧)

)

+
1

𝛾
} 

 

= ℜ{1 +

𝑧𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼

𝑔′′(𝑧)

𝒟
𝛿,𝛽,ʎ,𝑝
𝑘,𝛼

𝑔(𝑧)
−𝑧(

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼

𝑔′(𝑧)

𝒟
𝛿,𝛽,ʎ,𝑝
𝑘,𝛼

𝑔(𝑧)
)2+𝛺𝑧(

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼

𝑔′(𝑧)

𝒟
𝛿,𝛽,ʎ,𝑝
𝑘,𝛼

𝑔(𝑧)
)2

(
𝒟

𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔′(𝑧)

𝒟
𝛿,𝛽,ʎ,𝑝
𝑘,𝛼

𝑔(𝑧)
)

+
1

𝛾
}

= ℜ{1 +
𝑧𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔′′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔′(𝑧)

+ (𝛺 − 1)
𝑧𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧)

+
1

𝛾
}

> 0

 

 

Now we show that  

 𝑝(𝑧) + 𝛾𝑧𝑝′(𝑧) ≺ 𝑞(𝑧) + 𝛾𝑧𝑞′(𝑧), 
 

where ℜ{𝛾} > 0 and 𝜓 = 1. By using the assumption of the theorem we have  

 

 

𝑝(𝑧) + 𝛾𝑧𝑝′(𝑧) = (𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑓(𝑧))𝛺 + 𝛾𝑧[(𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼 𝑓(𝑧))𝛺]′

= (𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑓(𝑧))𝛺 + 𝛾𝑧[𝛺𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼 (𝑓(𝑧))𝛺−1𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑓′(𝑧)]

= (𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑓(𝑧))𝛺 + 𝛾𝛺[(𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼 𝑓(𝑧))𝛺
𝑧𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑓′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑓(𝑧)

]

= (𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑓(𝑧))𝛺[1 + 𝛺𝛾

𝑧𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼

𝑓′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑓(𝑧)

]

≺ (𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧))𝛺[1 + 𝛺𝛾

𝑧𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼

𝑔′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧)

]

= 𝑞(𝑧) + 𝛾𝑧𝑞′(𝑧).

 

 

Thus in view of Lemma 1.1, 𝑝(𝑧) ≺ 𝑞(𝑧) and 𝑞 is the best dominant. 

 

Taking 𝑞(𝑧) =
1+𝐴𝑧

1+𝐵𝑧
 in Theorem 2.1, we have the following corollary.  

 

Corollary 2.1. Let 𝑞(𝑧) be a convex univalent in the unit disc 𝑈 and 1 ≤ 𝐵 < 𝐴 ≤ 1, 𝛺, 𝛾 > 0, such that (𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧))𝛺 

be analytic in 𝑈 satisfies  

 ℜ{1 +
𝑧𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔′′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔′(𝑧)

+ (𝛺 − 1)
𝑧𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧)

+
1

𝛾
} > 0, 

 

 𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧) ≠ 0, 𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼 𝑔′(𝑧) ≠ 0,   𝑧 ∈  𝑈. 

 

If (𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑓(𝑧))𝛺 ∈ 𝒜𝑝 and the subordination  

 (𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑓(𝑧))𝛺[1 + 𝛺𝛾

𝑧𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼

𝑓′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼

𝑓(𝑧)
] ≺

1+𝐴𝑧

1+𝐵𝑧
+ 𝛾𝑧

(𝐴−𝐵)

(1+𝐵𝑧)2 , 

 

holds then  

 (𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑓(𝑧))𝛺 ≺

1+𝐴𝑧

1+𝐵𝑧
 

and 
1+𝐴𝑧

1+𝐵𝑧
 is the best dominant. 

 

Further taking 𝐴 = 1, 𝐵 = −1 in Corollary 2.1, we state an interesting result in the following corollary.  
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Corollary 2.2. Let 𝑞(𝑧) be a convex univalent in the unit disc 𝑈 and 𝛺, 𝛾 > 0, such that (𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧))𝛺 be analytic in 

𝑈 satisfies  

 ℜ{1 +
𝑧𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔′′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼

𝑔′(𝑧)
+ (𝛺 − 1)

𝑧𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼

𝑔′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼

𝑔(𝑧)
+

1

𝛾
} > 0, 

 

 𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧) ≠ 0, 𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼 𝑔′(𝑧) ≠ 0,   𝑧 ∈  𝑈. 

 

If (𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑓(𝑧))𝛺  ∈ 𝒜𝑝 and the subordination  

 (𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑓(𝑧))𝛺[1 + 𝛺𝛾

𝑧𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼

𝑓′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼

𝑓(𝑧)
] ≺

1+𝑧

1−𝑧
+

2𝛾𝑧

(1−𝑧)2, 

holds then  

 (𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑓(𝑧))𝛺 ≺

1+𝑧

1−𝑧
 

and 
1+𝑧

1−𝑧
 is the best dominant.  

 

Theorem 2.2. Let 𝑓, 𝑔 ∈ 𝒜𝑝 and 𝑧[(
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔(𝑧)

𝑧𝑝 )𝜇]′ be starlike univalent function in 𝑈. Assume that  

 𝜌(𝑧) =
𝑧𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧)

− 𝑝,   (𝑧 ∈ 𝑈), 

such that  

 ℜ{

(𝜌(𝑧)+𝑝)[
𝑧𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔′′(𝑧)

𝒟
𝛿,𝛽,ʎ,𝑝
𝑘,𝛼

𝑔′(𝑧)
−(𝜌(𝑧)+𝑝)]+𝑝

𝜌(𝑧)
+ 𝜇𝜌(𝑧) + 2} > 0,   (𝑧 ∈ 𝑈). 

If (
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑓(𝑧)

𝑧𝑝 )𝜇  ∈ 𝒜𝑝 and the subordination  

 

 (
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑓(𝑧)

𝑧
)𝜇{1 + 𝜇(

𝑧𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼

𝑓′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑓(𝑧)

− 𝑝)} ≺ (
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔(𝑧)

𝑧𝑝 )𝜇{1 + 𝜇(
𝑧𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧)

− 𝑝)} 

holds then  

 

 (
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑓(𝑧)

𝑧𝑝 )𝜇 ≺ (
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔(𝑧)

𝑧𝑝 )𝜇 ,   𝜇 ≥ 1, 

and (
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔(𝑧)

𝑧𝑝 )𝜇 is the best dominant.  

   

Proof. Our aim is to apply Lemma 1.2. Setting  

 

 𝑝(𝑧): = (
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑓(𝑧)

𝑧𝑝 )𝜇   𝑎𝑛𝑑  𝑞(𝑧): = (
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔(𝑧)

𝑧𝑝 )𝜇. 

Then we obtain  

 

𝑞′(𝑧) = 𝜇(
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔(𝑧)

𝑧𝑝 )𝜇−1[
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔′(𝑧)

𝑧𝑝 −
𝑝𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔(𝑧)

𝑧𝑝+1 ]

= 𝜇(
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔(𝑧)

𝑧𝑝 )𝜇[
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧)

−
𝑝

𝑧
]

= 𝜇𝑞(𝑧)[
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧)

−
𝑝

𝑧
]

 

and  

 

𝑞′′(𝑧) = 𝜇{𝑞(𝑧)(
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔(𝑧)𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔′′(𝑧)−(𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔′(𝑧))2

(𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼

𝑔(𝑧))2
+

𝑝

𝑧2)

+𝜇𝑞′(𝑧)(
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧)

−
𝑝

𝑧
)}

= 𝜇{𝑞(𝑧)[
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔′′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼

𝑔(𝑧)
− (

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼

𝑔′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼

𝑔(𝑧)
)2 +

𝑝

𝑧2] + (
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼

𝑔(𝑧)
−

𝑝

𝑧
)𝑞′(𝑧)}.
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By letting  

 𝜃(𝜔): = 𝜔   𝑎𝑛𝑑   𝜙(𝜔): = 1, 
it is clear that 𝜃(𝑧), 𝜙(𝑧) are analytic in ℂ. Also, we consider  

 𝑄(𝑧): = 𝑧𝑞′(𝑧)𝜙(𝑧) = 𝑧𝑞′(𝑧), 
 

 ℎ(𝑧): = 𝜃(𝑞(𝑧)) + 𝑄(𝑧) = 𝑞(𝑧) + 𝑧𝑞′(𝑧) 

implies  

  

ℎ′(𝑧) = 2𝑞′(𝑧) + 𝑧𝑞′′(𝑧). 
 

By the assumptions of the theorem, we find that 𝑄(𝑧) is starlike univalent in 𝑈 and that  

 

ℜ{
𝑧ℎ′(𝑧)

𝑄(𝑧)
} = ℜ{2 +

𝑧𝑞′′(𝑧)

𝑞′(𝑧)
} 

 

  

= ℜ{

𝑧𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔′′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧)

− 𝑧(
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼 𝑔′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧)

)2 +
𝑝
𝑧

+ 𝜇𝑧(
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼 𝑔′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧)

−
𝑝
𝑧

)2

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧)

−
𝑝
𝑧

+ 2} 

 

 

= ℜ{

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧)

[
𝑧𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼 𝑔′′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔′(𝑧)

−
𝑧𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼 𝑔′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧)

] +
𝑝
𝑧

1
𝑧

(
𝑧𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼 𝑔′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧)

− 𝑝)

+ 𝜇(
𝑧𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼 𝑔′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧)

− 𝑝) + 2} 

 

 

= ℜ{

𝑧𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧)

[
𝑧𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼 𝑔′′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔′(𝑧)

−
𝑧𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼 𝑔′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧)

] + 𝑝

(
𝑧𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼 𝑔′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧)

− 𝑝)

+ 𝜇(
𝑧𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼 𝑔′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧)

− 𝑝) + 2} 

 
 

                       = ℜ{

(𝜌(𝑧)+𝑝)[
𝑧𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔′′(𝑧)

𝒟
𝛿,𝛽,ʎ,𝑝
𝑘,𝛼

𝑔′(𝑧)
−(𝜌(𝑧)+𝑝)]+𝑝

𝜌(𝑧)
+ 𝜇𝜌(𝑧) + 2}      

         

                       > 0.  
 

 

 

Now we proceed to prove  

 

 𝑝(𝑧) + 𝑧𝑝′(𝑧) ≺ 𝑞(𝑧) + 𝑧𝑞′(𝑧). 
 

A computation shows that  

 

𝑝(𝑧) + 𝑧𝑝′(𝑧) = (
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼 𝑓(𝑧)

𝑧𝑝
)𝜇 + 𝑧[(

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑓(𝑧)

𝑧𝑝
)𝜇]′ 

 

                                    = (
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑓(𝑧)

𝑧𝑝 )𝜇{1 + 𝜇(
𝑧𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑓′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑓(𝑧)

− 𝑝)}   
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                                    ≺ (
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔(𝑧)

𝑧
)𝜇{1 + 𝜇(

𝑧𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼

𝑔′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼

𝑔(𝑧)
− 𝑝)} 

 

                                    = 𝑞(𝑧) + 𝑧𝑞′(𝑧)  

 

 Thus in view of Lemma 1.2, 𝑝(𝑧) ≺ 𝑞(𝑧) and 𝑞 is the best dominant.  

 

Theorem 2.3. Let 𝑓, 𝑔 ∈ 𝒜𝑝, (𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧))𝛺 be convex univalent in 𝑈 and (𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼 𝑓(𝑧))𝛺 ∈ ℋ[0,1] ∩ 𝑄. Assume that 

(𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑓(𝑧))𝛺[1 + 𝛾𝛺

𝑧𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼

𝑓′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑓(𝑧)

] is univalent in 𝑈 where 𝛺, 𝛾 ∈ ℂ, ℜ{𝛾} > 0. If (𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑓(𝑧))𝛺  ∈ 𝒜𝑝 and the 

subordination  

 (𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧))𝛺[1 + 𝛺𝛾

𝑧𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼

𝑔′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧)

] ≺ (𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑓(𝑧))𝛺[1 + 𝛺𝛾

𝑧𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼

𝑓′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑓(𝑧)

], 

holds then   

 (𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧))𝛺 ≺ (𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼 𝑓(𝑧))𝛺 

 

and (𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧))𝛺 is the best subordinant.  

 

Proof. Our aim is to apply Lemma 1.3. Assuming that  

 

 𝑝(𝑧): = (𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑓(𝑧))𝛺  𝑎𝑛𝑑  𝑞(𝑧): = (𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼 𝑔(𝑧))𝛺 . 

 

  

𝑞(𝑧) + 𝛾𝑧𝑞′(𝑧) = (𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧))𝛺 + 𝛾𝑧[(𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼 𝑔(𝑧))𝛺]′

= (𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧))𝛺 + 𝛾𝑧[𝛺(𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼 𝑔(𝑧))𝛺−1. (𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔′(𝑧))]

= (𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧))𝛺[1 + 𝛺𝛾

𝑧𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧)

]

≺ (𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑓(𝑧))𝛺[1 + 𝛺𝛾

𝑧𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑓′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑓(𝑧)

]

= 𝑝(𝑧) + 𝛾𝑧𝑝′(𝑧).

 

 

Hence in view of Lemma 1.3, 𝑞(𝑧) ≺ 𝑝(𝑧) and 𝑞(𝑧) is the best subordinant.  

 

Theorem 2.4. Let 𝑓, 𝑔 ∈ 𝒜𝑝 and (
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔(𝑧)

𝑧𝑝 )𝜇 be convex univalent in 𝑈. Let the following assumptions satisfy:  

 

(𝑖)  𝑧[(
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑓(𝑧)

𝑧𝑝 )𝜇]′𝑖𝑠 𝑠𝑡𝑎𝑟𝑙𝑖𝑘𝑒 𝑢𝑛𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑖𝑛 𝑈,

(𝑖𝑖)   (
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑓(𝑧)

𝑧𝑝 )𝜇 {1 + 𝜇 (
𝑧𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑓′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑓(𝑧)

− 𝑝)} 𝑖𝑠 𝑢𝑛𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑖𝑛 𝑈,

(𝑖𝑖𝑖)   (
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑓(𝑧)

𝑧𝑝 )𝜇  ∈ ℋ[0,1] ∩ 𝑄.

 

 If (
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑓(𝑧)

𝑧𝑝 )𝜇  ∈ 𝒜𝑝 and the subordination  

 

 (
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔(𝑧)

𝑧𝑝 )𝜇{1 + 𝜇(
𝑧𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔(𝑧)

− 𝑝)} ≺ (
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑓(𝑧)

𝑧𝑝 )𝜇{1 + 𝜇(
𝑧𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑓′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑓(𝑧)

− 𝑝)} 

holds then  

 (
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔(𝑧)

𝑧𝑝 )𝜇 ≺ (
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑓(𝑧)

𝑧𝑝 )𝜇 ,   𝜇 > 1, 

and (
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑓(𝑧)

𝑧𝑝 )𝜇 is the best subordinant.  
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Proof. Our aim is to apply Lemma 1.4. Letting  

 

 𝑝(𝑧): = (
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑓(𝑧)

𝑧𝑝 )𝜇   𝑎𝑛𝑑  𝑞(𝑧): = (
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔(𝑧)

𝑧𝑝 )𝜇. 

 

By taking  

 𝜗(𝜔): = 𝜔   𝑎𝑛𝑑   𝜑(𝜔): = 1, 
 

it can easily observed that 𝜗(𝑧), 𝜑(𝑧) are analytic in ℂ. Thus  

 

 ℜ{
𝜗′(𝑞(𝑧))

𝜑(𝑞(𝑧))
} = 1 > 0. 

 

Now we must show that  

 

 𝑞(𝑧) + 𝑧𝑞′(𝑧) ≺ 𝑝(𝑧) + 𝑧𝑝′(𝑧). 
 

A computation shows that  

 

 

𝑞(𝑧) + 𝑧𝑞′(𝑧) = (
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔(𝑧)

𝑧𝑝 )𝜇 + 𝑧[(
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔(𝑧)

𝑧𝑝 )𝜇]′

= (
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔(𝑧)

𝑧𝑝 )𝜇{1 + 𝜇(
𝑧𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔′(𝑧)

𝒟𝜆1,𝜆2,𝑝,𝛼
𝑚,𝑏 𝑔(𝑧)

− 𝑝)}

≺ (
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑓(𝑧)

𝑧𝑝 )𝜇{1 + 𝜇(
𝑧𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑓′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑓(𝑧)

− 𝑝)}

= 𝑝(𝑧) + 𝑧𝑝′(𝑧)

 

 

Thus in view of Lemma 1.4, 𝑞(𝑧) ≺ 𝑝(𝑧) and 𝑝 is the best subordinant. 

 

Combining Theorem 2.1 and Theorem 2.3 we get the following sandwich theorem:  

 

Theorem 2.5. Let 𝑓, 𝑔1, 𝑔2 ∈ 𝒜𝑝 and let (𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔1(𝑧))𝛺 , (𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼 𝑔2(𝑧))𝛺 be convex univalent functions in 𝑈 satisfy  

 

 ℜ{1 +
𝑧𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔2′′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔2′(𝑧)

+ (𝛺 − 1)
𝑧𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔2′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔2(𝑧)

+
1

𝛾
} > 0. 

 

If  

 

(𝑖)   (𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑓(𝑧))𝛺 ∈ ℋ[0,1] ∩ 𝑄,

(𝑖𝑖)   (𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑓(𝑧))𝛺[1 + 𝛺𝛾

𝑧𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼

𝑓′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑓(𝑧)

]   𝑖𝑠 𝑢𝑛𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑖𝑛 𝑈
 

and satisfies the subordination  

 

(𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔1(𝑧))𝛺[1 + 𝛺𝛾

𝑧𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼

𝑔1′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔1(𝑧)

] ≺ (𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑓(𝑧))𝛺[1 + 𝛺𝛾

𝑧𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼

𝑓′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑓(𝑧)

]
  

                                     ≺ (𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔2(𝑧))𝛺[1 + 𝛺𝛾

𝑧𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼

𝑔2′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔2(𝑧)

], 

 

where 𝛺 > 0, 𝛾 ∈ ℂ with ℜ{𝛾} > 0. Then  

 

 (𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔1(𝑧))𝛺 ≺ (𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼 𝑓(𝑧))𝛺 ≺ (𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔2(𝑧))𝛺 ,   𝛺 > 1, 

 

such that (𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔1(𝑧))𝛺 is the best subordinant and (𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼 𝑔2(𝑧))𝛺 is the best dominant.  
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Proof. Simultaneously applying the techniques of the proof of Theorem 2.1 and Theorem 2.3, we obtain the required 

result. 

 

Combining Theorem 2.2 and Theorem 2.4 we get the following sandwich theorem: 

  

Theorem 2.6.  Let 𝑓, 𝑔1, 𝑔2 ∈ 𝒜𝑝 and let (
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔1(𝑧)

𝑧𝑝 )𝜇 be convex univalent functions in 𝑈. Assume that  

 𝜌(𝑧): =
𝑧𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼

𝑔(𝑧)
− 𝑝,   (𝑧 ∈ 𝑈) 

such that  

 

 ℜ{

(𝜌(𝑧)+𝑝)[
𝑧𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔2′′(𝑧)

𝒟
𝛿,𝛽,ʎ,𝑝
𝑘,𝛼

𝑔2′(𝑧)
−(𝜌(𝑧)+𝑝)]+𝑝

𝜌(𝑧)
+ 𝜇𝜌(𝑧) + 2} > 0,   (𝑧 ∈ 𝑈). 

and  

 

 

(𝑖)   𝑧[(
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔2(𝑧)

𝑧𝑝 )𝜇]′, 𝑧[(
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔1(𝑧)

𝑧𝑝 )𝜇]

′

𝑎𝑟𝑒 𝑠𝑡𝑎𝑟𝑙𝑖𝑘𝑒 𝑢𝑛𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑖𝑛 𝑈

(𝑖𝑖)   (
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑓(𝑧)

𝑧𝑝 )𝜇 {1 + 𝜇 (
𝑧𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑓′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑓(𝑧)

− 𝑝)}  𝑖𝑠 𝑢𝑛𝑖𝑣𝑎𝑙𝑒𝑛𝑡 𝑖𝑛 𝑈 𝑎𝑛𝑑

(𝑖𝑖𝑖)   (
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑓(𝑧)

𝑧𝑝 )𝜇  ∈ ℋ[0,1] ∩ 𝑄.

 

 

 If (
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑓(𝑧)

𝑧𝑝 )𝜇  ∈ 𝒜𝑝 and the subordination  

 

 

(
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔1(𝑧)

𝑧𝑝 )𝜇{1 + 𝜇(
𝑧𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔1′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔1(𝑧)

− 𝑝)} ≺ (
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑓(𝑧)

𝑧𝑝 )𝜇{1 + 𝜇(
𝑧𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑓′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑓(𝑧)

− 𝑝)}

≺ (
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔2(𝑧)

𝑧𝑝 )𝜇{1 + 𝜇(
𝑧𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔2′(𝑧)

𝒟𝛿,𝛽,ʎ,𝑝
𝑘,𝛼 𝑔2(𝑧)

− 𝑝)}

 

 holds then  

 

 (
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔1(𝑧)

𝑧𝑝 )𝜇 ≺ (
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑓(𝑧)

𝑧𝑝 )𝜇 ≺ (
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔2(𝑧)

𝑧𝑝 )𝜇 ,   𝜇 ≥ 1, 

 

and (
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔1(𝑧)

𝑧𝑝 )𝜇 , (
𝒟𝛿,𝛽,ʎ,𝑝

𝑘,𝛼
𝑔2(𝑧)

𝑧𝑝 )𝜇 are respectively the best dominant and the best subordinant.  

 

Proof. By using the same techniques, as in the proof of Theorem 2.2 and Theorem 2.4, the required result is obtained. 

 

III. CONCLUSION 

 

we study a new subclass of p-valent function by using the subordination concept between this function and a generalised 

derivative operator in the open unit disc. 
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